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Abstract 

In this paper the realization problem for 2D positive multi-input and multi-output (MIMO) 

linear hybrid systems with delays in state vector and input is addressed. A method based on 

the state variable diagram for finding positive realizations of a given proper transfer matrix is 

proposed. The essence of proposed method for solving of the realization problem for positive 

2D hybrid systems with delays in state vector and input will be presented on single-input 

single-output (SISO) system. The solution for MIMO systems will be obtained by 

generalization of method proposed for SISO systems. Sufficient conditions for the existence 

of a positive realization of a given proper transfer matrix are established. This conditions 

gives only the answer is there exists positive realization for given proper transfer matrix, they 

do not consider the stability of obtained realization. A procedure for computation of a positive 

realization is proposed for SISO systems and generalized for MIMO systems. The 

considerations are illustrated by two numerical examples. First example illustrate solving 

procedure for SISO system with one delay and the second example illustrate solving 

procedure for system with two inputs, two outputs and one delay. 

Keywords: hybrid 2D system, multi-input multi-output, delay, positive realization, 

computation.  
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1 Introduction 

In positive systems inputs, state variables and outputs 

take only non-negative values. Examples of positive 

systems are industrial processes involving chemical 

reactors, heat exchangers and distillation columns, 

storage systems, compartmental systems, water and 

atmospheric pollution models. A variety of models 

having positive linear systems behavior can be found 

in engineering, management science, economics, 

social sciences, biology and medicine, etc. 

Positive linear systems are defined on cones and not 

on linear spaces. Therefore, the theory of positive 

systems is more complicated and less advanced. An 

overview of state of art in positive systems theory is 

given in the monographs [2, 5]. The realization 

problem for positive discrete-time and continues-time 

systems without and with delays was considered in [1, 

2, 5-10]. The reachability, controllability and 

minimum energy control of positive linear discrete-

time systems with delays have been considered in [3]. 

The relative controllability of stationary hybrid 

systems has been investigated in [15] and the 

observability of linear differential-algebraic systems 

with delays has been considered in [16]. A new class 

of positive 2D hybrid linear system has been 

introduced in [11], and the realization problem for this 

class of systems has been considered in [12]. 

The main purpose of this paper is to present a new 

method for computation of positive realizations of a 

given proper transfer matrix using the state variable 

diagram method. Sufficient conditions for the 

existence of a positive realization of a given proper 

transfer matrix will be established and a procedure for 

computation of positive realizations will be proposed. 

2 Preliminaries and problem 

formulation 

Consider a hybrid system with delays in state vector 

and input described by the equations [11] 
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Proof.  

Necessity. Let 1

1ne  be the ith ( 1,...,1 ni = ) column of 

the identity matrix 
1nI . From (1) for t = 0, i = 0 and  

i

nex
1

)0,0(1 = , 0)0,(1 =−kdx , hk ,...,1=  0),0(2 =− jx , 
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For given nonnegative initial conditions )0,(1 kdtx − , 

;,...,1,0 hk =  0),0(2 =− jx , hj ,...,1=  and the input,  

),( kikdtu −− , hk ,...,1,0=  we may find the solution 

of the equation (1a) 
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Which is nonnegative t ≥ 0 if the conditions (2) are 

met. Knowing 1)0,(1

n
Rtx +∈  from the equation (1b) we 

obtain 2)1,(2

n
Rtx +∈  if the conditions (2) are met. 

Continuing the procedure for hi ,...,1=  we may show 

that if the conditions (2) are satisfied the 1),(1
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Ritx +∈  for t ≥ 0 and +∈ Zi . □ 

Transfer function of the system (1) is given by 

equation 
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where sdew −= , ),( zsR mp×  is the set of nm ×  

rational matrices in s and z. 

Definition 2. The matrices (2) are called the positive 

realization of the transfer matrix ),( zsT  if they satisfy 

the equality (3). A realization is called minimal if the 

matrices kA11  and kA22  have minimal dimensions 

among all positive realizations of ),( zsT .  

The realization problem can be stated as follow. 

Given a proper rational matrix ),(),( zsRzsT mp×∈ , 

find its positive realization. 

3 Problem solution for SISO systems 

The essence of proposed method for solving of the 

realization problem for positive 2D hybrid systems 

with h delays will be presented on single-input single-

output (SISO) system. 

Consider a hybrid system with the transfer function 
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Multiplying the numerator and denominator of 

transfer function (4) by mn
zs
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Using (6) we may draw the state variable diagram 

shown in Fig. 1. 

Proc. EUROSIM 2007 (B. Zupančič, R. Karba, S. Blažič) 9-13 Sept. 2007, Ljubljana, Slovenia

ISBN 978-3-901608-32-2 3 Copyright © 2007 EUROSIM / SLOSIM



 

 

Fig. 1 MATLAB/SIMULINK state variable diagram for transfer function (4). 

Remark. Blocks )(),( wawb ijij  for 1,...,1,0 −= ni ; 

1,...,1,0 −= mj  and )(wbnm  have the form shown in 

Fig. 2 

 

Fig. 2 MATLAB /SIMULINK state variable diagram 

for blocks )(),( wawb ijij  

with exception of blocks )(),( wawb ijij  for 

1,...,1,0 −= ni ; mj =  which have no delay unit w 

and they are equal to 00 )(,)( imimimim awabwb == . 

As a state variable we choose the outputs of 

integrators ( ),(,...),,(),,( ,12,11,1 itxitxitx n ) and of 

delay elements ( ),(...,),,(),,( 2,22,21,2 itxitxitx m ). 

Using state variable diagram (Fig. 1) and taking into 

account (Fig. 2) we can write the following 

differential and difference equations 
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Substituting (8) into (7) we obtain  
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and k

njim

k

ij

k

ij aaaa 0+= , k

njim

k

ij

k

ij babb 0+= , k

njim

k

ij bac 0=  

for hk ,...,1,0= ; 1,...,1,0 −= ni ; 1,...,1,0 −= mj . 

Therefore, the following theorem has been proved 

Theorem 2. There exists a positive realization of the 

transfer function (4) if all coefficients of its numerator 

and denominator are nonnegative. 

If the assumptions of Theorem 2 are satisfied then a 

positive realization can be found by the use of the 

following procedure. 

Procedure.  

Step 1. Write the transfer function ),( zsT  in the 

form (5) and the equations (6). 

Step 2. Using (6) draw the state variable diagram 

shown in Fig. 1 taking into account Fig. 2. 

Step 3. Choose the state variables and write 

equations (7) and (8). 

Step 4. Using (7) – (9) find the desired realization 

(11) of transfer function (4). 

Example 1. Using the Procedure find positive 

realization of the transfer function of 

)()(

)()()(
),(

000110

00011011

wazaswasz

wbzbswbszwb
zsT

−−−

+++
=    (12) 

where 

 ,)( 0

11

1

1111 bwbwb +=  ,)( 0

10

1

1010 bwbwb +=  

,)( 0

00

1

0000 bwbwb +=  ,)( 0

10

1

1010 awawa +=  
0

00

1

0000 )( awawa +=  and sdew −= . 

Step 1. 

Multiplying the numerator and denominator of 

transfer function (12) by 11 −− zs  we obtain 

U

Y

zswasazwa

zswbsbzwbwb
zsT =

−−−

+++
=

−−−−

−−−−

11

00

1

01

1

10

11

00

1

01

1

1011

)()(1

)()()(
),(  (13) 

Defining  

11

00

1

01

1

10 )()(1 −−−− −−−
=

zswasazwa

U
E      (14) 

from (14) and (13) we obtain  

EzswbsbzwbwbY

EzswasazwaUE

))()()((

))()((

11

00

1

01

1

1011

11

00

1

01

1

10

−−−−

−−−−

+++=

+++=
 (15) 

Taking into account that )(wbij , )(waij  for ni ,...,1= ; 

mj ,...,1=  we obtain 

Ewzsbzbb

zsbsbzbbY

Ewzsaza

zsasazaUE

])(

)[(

])(

)[(

111

00

11

10

1

11

110

00

10

01

10

10

0

11

111

00

11

10

110

00

10

01

10

10

−−−

−−−−

−−−

−−−−

+++

+++=

++

+++=

        (16) 

Step 2. 

Using (16) we may draw the state variable diagram 

shown in Fig. 3. 

 

Fig. 3 MATLAB/SIMULINK state variable diagram for transfer function Eq. (13). 

Step 3. 

As a state variable we choose the outputs of 

integrators ( ),(1,1 itx ) and of delay elements 

( ),(),,( 2,21,2 itxitx ). Using the state variables diagram 

(Fig. 3) we can write the following differential and 

difference equations 
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)1,(

),(),(),(),(

)1,(),(

),(),()1,(
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),(),()1,(

),(),(

1

11
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111,1

0
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0
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=
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iteitx&

          (17) 

where  

)1,(

),()1,()1,(

),(),(),(),(

1,1

0

011,2

1,1

0

011,2

−−+

−+−=−−

++=

idtu

idtxaitxidte

ituitxaitxite

      (18) 

Substituting (18) into (17) we obtain 

)1,(

)1,()1,(

),()(),(),(

),(),()(),(

)1,()1,(

),()(),(

),(),()()1,(
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(19) 

Step 4. 

Defining 

[ ] 







==

),(

),(
),(,),(),(

2,2

1,2

21,11
itx

itx
itxitxitx          (20) 

we can write the equations (19) in the form 
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      (21) 

where 
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0
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1
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1
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1
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0
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
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
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
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+
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






=




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
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
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+
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
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 (22) 

4 Generalization for MIMO systems 

Consider the m-inputs and p-outputs 2D hybrid linear 

system with h delays (1) with the proper transfer 

matrix 

),(

),(...),(

),(...),(

),(

1

111

zsR

zsTzsT

zsTzsT

zsT
mp

pmp

m

×∈

















= MMM   (12) 

where 
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





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



−

=
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jirl

ji

mnji

n

i

m

j
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i

m

j
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zswazs

zswb

zsT

rlrl

rl rl

rlrl

rl rl

)(

)(

),(

,

0 0

0 0

,

    (13) 

for mlpr ,...,2,1;,...,2,1 ==               

and rl

ij

rl

ij

hrlh

ij

rl

ij bwbwbwb ,0,1, ...)( +++= , 

rl

ij

rl

ij

hrlh

ij

rl

ij awawawa ,0,1, ...)( +++=  for klni ,...,1,0= ; 

rlmj ,...,1,0= , and coefficients )(),( wawb rl

ij

rl

ij  for 

1,...,1,0 −= rlni ; rlmj =  are equal to 

rl

im

rl

im

rl

im

rl

im rlrlrlrl
awabwb

,0,0
)(,)( == . 

It is well-known [5] that the 2D transfer matrix (12) 

can be always written in the form 









=















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
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m

m

m
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m

m

MMM

           (14) 

where 
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(15) 

and 
rl

im

rl

im

rl

im

rl

im rlrlrlrl
awabwb

,0,0
)(,)( ==  for 

1,...,1,0 −= rlni ; T denotes the transpose. 

In a similar way as for SISO systems, multiplying the 

numerator and denominator of each element of 

transfer matrix (14) by ll mn
zs

−−
 we obtain 
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           (16) 

where 
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  (17) 

Similarly as for SISO systems using (16) we may 

draw a suitable state variable diagram for the MIMO 

system with the proper transfer matrix (14). Using the 

state variable diagram we may write the set of 

differential and difference equations. 

Defining vectors 

















−

−

=−

















−

−

=−

),(

),(

),(,

),(

),(

),(

,2

1,2

2

,1

1,1

1

kitx

kitx

kitx

ikdtx

ikdtx

ikdtx

mm

MM   

where 
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for ;,...,2,1 ml =  ;,...,1,0 hk =  

















=

















−−

−−

=−−

),(

),(

),(

,

),(

),(

),(

1

1

ity

ity

ity

kikdtu

kikdtu

kikdtu

p

m

M

M

          (19) 

we may write the set of equations in the form  
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where 
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and 
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and 
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Summing up the considerations we obtain for the 

MIMO 2D hybrid linear system with delays the 

following theorem. 

Theorem 3. There exists a positive realization if all 

coefficients of the numerators and denominators of the 

transfer matrix (12) are nonnegative. 

The procedure given for SISO systems with slight 

modifications can be also used for finding a positive 

realization of the transfer matrix (12). 

Example 2. Find a positive realization (2) of the 

proper transfer matrix with h = 1 delays 
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In this case we have  p = 2 outputs and m = 2 inputs, 

coefficients for one delay have the forms 
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ij aa =  
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Using Procedure we obtain the following.  

Step1.  

Multiplying numerators and denominator of the first 

column by 11 −− zs  and multiplying numerators and 

denominator of the second column by 12 −− zs   we 

obtain 
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Step 2.  

State variable diagram for (23) has the form shown in 

Fig. 4. 

 

Fig. 4 MATLAB/SIMULINK state variable diagram for transfer function (22). 

where coefficients )(wa l

ij  and )(wbrl

ij  for one delay 

have the form shown in Fig. 5 

 

Fig. 5 MATLAB/SIMULINK state variable diagram 

for transfer for blocks )(wa l

ij  and )(wbrl

ij . 
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Step 4.  

Substituting (25) into (24) and taking into account 

(18) – (21), the desired realization of (22) has the form  

,
0

0
,

0

0

,
0

0
,

0

0

,
0

0
,

0

0

,
0

0
,

0

0

12

22

11

221

2202

22

01

220

22

12

21

11

211

2102

21

01

210

21

12

12

11

121

1202

12

01

120

12

12

11

11

111

1102

11

01

110

11









=








=









=








=









=








=









=








=

A

A
A

A

A
A

A

A
A

A

A
A

A

A
A

A

A
A

A

A
A

A

A
A

           (26) 









=








=









=








=









=








=





















=





















=

122

21

121

11

112

21

111

111

022

21

021

11

012

21

011

110

12

2

11

21

212

1

11

11

1

02

2

01

20

202

1

01

10

1

12

2

12

1

11

2

11

1

1

02

2

02

1

01

2

01

1

0

,

,,

,,

,

0

0

0

0

,

0

0

0

0

bb

bb
D

bb

bb
D

C

C
C

C

C
C

C

C
C

C

C
C

B

B

B

B

B

B

B

B

B

B

   (26) 

where 

,

0

0

0

00

00

00

,

000000

000000

000000

,

000

000

000

,

00000

00000

00000

00000

00000

00000

,

0

0

0

00

00

00

,

001000

000000

000001

,

0

100

00

122

10

122

00

112

10

112

00

12

10

12

00

121

00

111

00

11

00

1

21

1

12

1

11

022

10

012

10

02

10

021

10

011

10

01

10

0

22

022

10

022

00

012

10

012

00

02

10

02

00

021

00

011

00

01

00

0

21

0

12

02

11

02

01

01

01

0

11



























=

















=

















=



























=



























=

















=

















=

bb

bb

aa

b

b

a

A

A

A

b

b

a

b

b

a

A

bb

bb

aa

b

b

a

A

A

aa

a

A

          (27) 

Proc. EUROSIM 2007 (B. Zupančič, R. Karba, S. Blažič) 9-13 Sept. 2007, Ljubljana, Slovenia

ISBN 978-3-901608-32-2 11 Copyright © 2007 EUROSIM / SLOSIM



 









=








=









=









=









=









=



































=



































=



























=

122

21

121

11

112

21

111

111

022

21

021

11

012

21

011

110

122

21

121

11

112

21

111

111

2

122

11

122

01

121

01

112

11

112

01

111

011

1

022

21

021

11

012

21

011

110

2

022

11

022

01

021

01

012

11

012

01

011

010

1

122

20

112

20

12

20

121

10

111

10

11

10

1

022

20

012

20

02

20

021

10

011

10

01

10

0

122

10

112

10

12

10

121

10

111

10

11

10

1

22

,

,
1010

0101

,

,
1010

0101

,

,

0

0

0

00

00

0

0

0

00

,

0

0

0

10

00

0

0

0

01

,

00000

00000

00000

00000

00000

00000

bb

bb
D

bb

bb
D

bb

bb
C

ccc

ccc
C

bb

bb
C

bbb

bbb
C

b

b

a

b

b

a

B

b

b

a

b

b

a

B

b

b

a

b

b

a

A

          (27) 

and 
lk
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ij ll
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,,0,, += , 
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,,0,, += , 
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l
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rlk

ij ll
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,,0, =  for hk ,...,1,0= ; ;,...,2,1 pr =  

;,...,2,1 ml = 1,...,1,0 −= lni ; 1,...,1,0 −= lmj . 

5 Concluding remarks 

A method for computation of a positive realization of 

a given proper transfer matrix of 2D hybrid linear 

system with delays has been proposed. Sufficient 

conditions for the existence of a positive realization of 

a given proper transfer matrix have been established. 

A procedure for computation of a positive realization 

has been proposed. An open problem is formulation of 

the necessary and sufficient conditions for the 

existence of solution of the positive realization 

problem for 2D hybrid systems in the general case. 

Extension of those considerations for 2D hybrid 

systems described by models with structures similar to 

the 2D general model [14] or the 2D second 

Fornasini-Marchesini model [18] are also open 

problems.  
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