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Abstract

Piezoelectric transducers have been used in wide applications range. The transducers frequently
fracture under high electric fields in many applications. The most efficient geometry for some
transducers has the disadvantage of electrodes ending inside the ceramic. There are maximum
magnitudes of electric field on the electrodes boundary and it cause a stresss concentration. A
stress concentration due to boundary of electroded and nonelectroded parts is the consequence.
High mechanical stresses at these regions lead to crack initiation and crack propagation and
finally to the fault of the transducer. An initiation of cracks by stress concentration during the
first poling cycle in partially electroded PZT’s is investigated. There was chosen a circular par-
tially electrode specimen. The focus is laid on the electrode shape and placement influence to
crack initiation. The most interesting part is optimization of electrode shape to minimizing a
stress concentration. Mathematical analysis of electric and elastic fields is very efficient tool for
improvement of parameters of piezoelectric transducers. This work is based on finite element
method, possibilities of ANSYS package are used. Our results show, that the proportions of
electrodes are very important parameters of partially electroded transducers. Important param-
eters are placement of electrodes and their shape. These results are based only on electric field
analysis. Piezoelectric effect and spontaneous deformation are neglected.
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1 Introduction

Piezoelectric transducers have been used in wide appli-
cations range from aircraft and automotive to printers
and textile machinery. The transducers frequently frac-
ture under high electric fields. The most efficient geom-
etry for some transducers has the disadvantage of elec-
trodes ending inside the ceramic. There are maximum
magnitudes of electric field on the electrodes boundary
and it cause a stresss concentration. A stress concentra-
tion due to boundary of electroded and nonelectroded
parts is the consequence. High mechanical stresses at
these regions lead to crack initiation and crack propa-
gation and finally to the fault of the transducer.

An initiation of cracks by stress concentration during
the first poling cycle in partially electroded PZT’s is in-
vestigated. There was chosen a circular partially elec-
trode specimen. The focus is laid on the electrode shape
and placement influence to crack initiation. The most
interesting part is optimization of electrode shape to
minimizing a stress concentration.

Design and improvement of piezoelectric transducers
is very complicated process, which is not able without
mathematical-physical models. Mathematical analysis
of electric and elastic fields is very efficient tool for im-
provement of parameters of piezoelectric transducers.

There were published some papers related this prob-
lem in the last years. Model based on finite difference
method is described in [1], finite element method ap-
proach is published in [2], [3]. The foregoing work are
[4], [9]. There are shown distributions of electric and
elastic fields in transducers and prediction of crack re-
gions.

This work is also based on finite element method, but
possibilities of ANSYS package are used. There were
also published some papers related to crack initiation
and propagation, e.g. [5], [6].

2 Physical description of piezoelectric
continuum

There are two differential equations governing the be-
havior of a piezoelectric continuum - the quasistatic ap-
proximation Maxwell’s equation and Newton’s law of
motion, see [7]. LetΩ ⊂ R3 is continuous area. Let
the boundaryΩ is denoted asΓ.

Electric field is described by Maxwell’s equation

∇ ·D = ∂Di
∂xi
= 0, onΩ i = 1, 2, 3, (1)

whereD is elecric displacement.

Let the boundary ofΩ consist of two disjoint subsets
Γ = Γ1

⋃
Γ2. There are stated Dirichlet’s boundary

conditions onΓ1 (denoted with subscriptD) and Neu-
mann’s boundary conditions onΓ2 (denoted with sub-
scriptN ),

ϕ = ϕD on Γ1, (2)

Dknk = DN on Γ2., (3)

ϕ is electric potential.

Elastic field is described by the Newton’s law of motion

∇ ·T = ∂Tij
∂xj

= 0 onΩ, i = 1, 2, 3, (4)

whereT is stress tensor. There are stated Dirichlet’s
boundary conditions onΓ1 (denoted with subscriptD)
and Neumann’s boundary conditions onΓ2 (denoted
with subscriptN ).

ui = uiD i = 1, 2, 3 on Γ1, (5)

Tijnj = tiN i = 1, 2, 3 on Γ2, (6)

whereu is mechanical displacement.

Description of piezoelectric continuum includes piezo-
electric state equations

Tij = cijklSkl − ekijEk, (7)

Di = eijkSjk + εijEj , (8)

wherec, e andε are the stiffness, piezoelectric and per-
mitivity tensors. There are constitutive equations be-
tween electric fieldE and potentialϕ, strain tensorS
and displacementsu

Sij =
1
2

[
∂ui

∂xj
+

∂uj

∂xi

]
i, j = 1, 2, 3,

Ek =
∂ϕ

∂xk
k = 1, 2, 3.

Now, we can fulfill previous constitutive equations and
piezoelectric state equations into equations (1), (4)

∇·D = ∂

∂xk

(
ekij ·

1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
− εkj ·

∂ϕ

∂xj

)
= 0,

(9)

∇·T = ∂

∂xj

(
cijkl ·

1
2

(
∂uk

∂xl
+

∂ul

∂xk

)
+ ekij ·

∂ϕ

∂xk

)
= 0.

(10)

FEM formulation of this problem is included e.g. in
[4]. It is not necessary to show FEM formulation here,
because we do not implement our own FEM system.
ANSYS is used for modelling and ANSYS features are
very well known and are described e.g. in ANSYS, Inc.
Theory Reference, see [8].

3 Model Preparation
All computations were performed on a model of com-
mercially available transducer produced by Piezoceram
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s.r.o., Czech Republic. The transducer is depicted in
Fig. 1. A bottom electrode covers whole botom side
and it is wrapped on the upper side. The dimensions
of specimen are in the Table 1. The scheme of the di-
mensions is depicted in Fig. 2. The poling electric field
during the first poling cycle is 3kV.

Fig. 1 Piezoelectric transducer.

parameter value
Diameter of transducerD [mm] 19
Radius of wrapped electrodeR1 [mm] 4.2
Radius to upper electrodeR2 [mm] 5.6
Distance from wrapped to upper electrode
t [mm]

1.4

Distance from the center of the specimen
to wrappingTs [mm]

3.9

Thickness of transducerh [mm] 1.9

Tab. 1 Parameters of transducer.

Material properties of the transducer are defined by ten-
sors of elastic coefficientss , piezoelectric modulie and
relative permitivityε,

s =


11.2 −4.7 −5.2 0 0 0
−4.7 11.2 −5.2 0 0 0
−5.2 −5.2 15.9 0 0 0
0 0 0 38.5 0 0
0 0 0 0 38.5 0
0 0 0 0 0 33.2


·10−12(m2N−1),

e =

(
0 0 0 0 12.3 0
0 0 0 12.3 0 0

−5.4 −5.4 15.8 0 0 0

)
(V m−1),

ε =

(
1730 0 0
0 1730 0
0 0 1700

)
.

Fig. 2 Scheme of dimensions.

3.1 Finite element model

The model is based on the modelling of spatial distri-
bution of electric field. Piezoelectric effect and spon-
taneous deformation are neglected. There is used
SOLID122 element. SOLID122 is a 3-D, 20-node,
charge-based electric element. The element has one
degree of freedom, voltage, at each node. It can
tolerate irregular shapes without much loss of accu-
racy. SOLID122 elements have compatible voltage
shapes and are well suited to model curved bound-
aries.This element is applicable to 3-D electrostatic and
time-harmonic quasistatic electric field analyses. See
SOLID122 in the ANSYS, Inc. Theory Reference [8],
for more details about this element.

We consider only one half of the transducer in regard to
axis symmetry of transducer. The plane of symmetry is
marked in the Fig. 3.

Fig. 3 Plane of transducer’s symmetry.

The finite element mesh is slightly finer and mapped
around the wrapped electrode. There are evident
boundaries between electroded and nonelectroded parts
in the mesh. The FE mesh is depicted in Fig. 4.

The electrodes were implemented by coupling the volt-
age degree of freedom of the surface nodes of elec-
trodes. The voltage 0V is stated on the bottom wrapped
electrode and 3kV is stated on the upper electrode.
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Fig. 4 Finite element mesh of the transducer.

There are Neumann’s boundary conditionsD · n =
DN = 0 (zero normal components of electric displace-
ment) on the rest of the boundary. We can use homoge-
nous Neuman’s boundary condition due to high permi-
tivitty of piezoelectric ceramic.

3.2 Results

Distribution of magnitudes of electric field in the trans-
ducer is depicted in Fig. 5.

Fig. 5 Distribution of electric field.

The smallest magnitudes are in the wrapped region, be-
tween lower and upper part of the bottom electrode.
The largest magnitudes are along the upper electrode
boundary. This boundary is critical region for crack ini-
tiation. The detail view of electric field magnitudes is
in the Fig. 6.

There are electric field magnitudes along the line
bounding the upper electrode depicted. The bounding
line is highlited in the Fig. 7. Maximum magnitude of
electric field is|Emax| = 6.34 · 106V ·m−1.

The magnitudes of electric field grow from the centre of
the transducer to its boundary and extreme values are on
the boundary of the transducer. Minimization of these
extreme valus is the goal of the next section.

4 Optimization

Optimization methods are traditional techniques that
strive for minimization of a single function subject to
constraints. While working towards an optimum de-

Fig. 6 Magnitudes of electric field along the upper elec-
trode.

Fig. 7 Bounding line along the upper electrode.

sign, the ANSYS optimization routines employ three
types of variables that characterize the design process:
design variables, state variables, and the objective func-
tion. These variables are represented by scalar param-
eters in ANSYS Parametric Design Language (APDL).
The state variables can also be referred to as dependent
variables in that they vary with the vector x of design
variables. The objective function is the function which
is optimized. ANSYS optimization features are very
well are described in ANSYS, Inc. Theory Reference,
see [8].

Our main task is to minimize the extreme magnitudes of
electric field along the bounding line. One of the possi-
ble ways is optimization of shape of electrode’s wrap-
ping. The idea is to change radiusesR1 andR2 and
observe the extreme values|Eex| of electric field mag-
nitudes. We have two design variables (R1, R2) and one
objective function (|Eex|) for optimization. Remaining
variablesD, Ts, t, h are constant.

In the ANSYS program, several different optimization
tools and methods are available. Our optimization pro-
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cedure contains two optimization steps. First step is
performed by the Random Design Generation Method
and the second step is performed by the First Order
Method.

Multiple loops are performed in Random Design Gen-
eration, with random design variable values at each
loop. A maximum number of loops and a desired num-
ber of feasible loops can be specified. This tool is use-
ful for studying the overall design space, and for estab-
lishing feasible design sets for subsequent optimization
analysis.

First Order Method uses derivative information, that
is, gradients of the dependent variables with respect to
the design variables. It is highly accurate and works
well for problems having dependent variables that vary
widely over a large range of design space. However,
this method can be computationally intense.

The optimization strategy is: the first step finds solution
approximately, the second one gives us more accurate
solution. First step (Random Design Generation) con-
tains 25 loops. It is sufficient number of loops for our
problem.

4.1 Results

The course of the objective function (electric field mag-
nitude) dependent on design variableR1 is depicted in
Fig. 8.

Fig. 8 Dependency of|Eex| onR1.

Optimal values of design variables areR1 = 9.46mm,
R2 = 10.86mm. These values guarantee the minimal
values of electric field magnitudes in the transducer.
Magnitudes of electric field along the bounding line are
depicted in Fig. 9.

Maximum magnitude of electric field after optimization
is |Eomax| = 5.21 · 106V · m−1. This value is much
lower than original value.

Fig. 9 |Eex| along the bounding line.

5 Conclusion

We can compare maximum magnitudes of electric field
before and after optimization. The difference between
these values is approx. 18%. Lower values of electric
field reduce risk of crack initiation during the first pol-
ing cycle in partially electroded PZT transducers. Our
results show, that the proportions of electrodes are very
important parameters of partially electroded transduc-
ers. Important parameter is not only placement of elec-
trodes, important is also their shape.

These results are based only on electric field analysis.
Piezoelectric effect and spontaneous deformation are
neglected. The effect of spontaneous deformation on
crack initiation is described in [4] and [9], but without
transducer’s optimization.

The optimization procedure including these effects is
the main goal of future work. It seems, the magnitude
of poling field and no less its direction are important,
because of anisotropy of piezoelectric materials.
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