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Abstract

This paper concerns modelling of relative translation and rotation of formation flying spacecraft
in Earth orbits. A nonlinear 6 degree-of-freedom (DOF) mathematical model of relative trans-
lation and rotation in a leader-follower formation consisting of two spacecraft is derived, with
a formulation similar to general Euler-Lagrange system. The model of relative translation is
based on the laws of Newton, specifically Newton‘s law of gravitational attraction from which
the two-body problem can be derived. The relative rotation is based on Euler’s momentum
equations and the attitude is represented by Euler parameters, or unit quaternions. Based on
the models of relative translation and rotation, the total 6DOF model is derived. The model is
referenced both in a leader orbit coordinate system and in an Earth-fixed inertial coordinate sys-
tem. The leader orbit coordinate system is located in the centre of mass of the leader spacecraft,
whereas the Earth-fixed inertial coordinate system is located in the centre of the Earth. The ro-
tation matrices between the different coordinate systems are presented. The Earth-fixed model
is based on work in the field of marine control systems. The system properties for both the
models are presented, where properties like symmetry, skew-symmetry and positive definite-
ness of matrices can be incorporated into the stability analysis when designing control systems.
These system properties represent physical properties of the system. Furthermore, simulations
of the model referred to leader orbit coordinate system are presented where the impact of per-
turbing forces and torques are illustrated. The perturbing forces and torques considered in the
simulation are due to atmospheric drag and the oblateness of the Earth.

Keywords: Leader-follower spacecraft formation, mathematical modelling, relative trans-
lation and rotation, Earth orbit, 6 degree-of-freedom
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1 Introduction
Spacecraft formations has been a subject of many re-
search studies in recent years, and can be defined as a
set of more than one spacecraft in close flight whose dy-
namic states are coupled through a common control law
for translational and/or rotational motion (cf. [1, 2]).
Previous definitions of formation flying have not clearly
differentiated it from constellations, so the definition
of formation flying can be extended to include that at
least one of the spacecraft must track a desired state
relative to another spacecraft, and the tracking control
law must at the minimum depend upon the state of this
other spacecraft [3]. The control law that satisfies the
latter condition is called a formation tracking control
law [1]. Spacecraft flying in formation are revolutioniz-
ing our way of performing space-based operations, and
bring out several advantages in space mission accom-
plishment, as well as new opportunities and applica-
tions for such missions. The concept makes the way for
new and better applications in space industry, such as
improved monitoring of the Earth and its surrounding
atmosphere, geodesy, deep-space imaging and explo-
ration and even in-orbit spacecraft servicing and main-
tenance.

However, the advantages of using spacecraft formations
come at a cost of increased complexity and techno-
logical challenges. Formation flying introduces a con-
trol problem with strict and time-varying boundaries on
spacecraft reference trajectories, and requires detailed
knowledge and tight control of relative distances and
velocities for participating spacecraft. One of the main
challenges is the need of a more advanced control algo-
rithms for controlling the formation and to avoid colli-
sions, leading to a requirement of dynamically synchro-
nized control (cf. [4]) of relative position and attitude
between the members of the formation.

1.1 Previous work

Both linear and nonlinear models of formation dy-
namic have been developed for formation maintenance.
Most previous studies on spacecraft formation prob-
lems have been based on decoupled translational and
rotational models where various control methods are
utilized, with main focus on 3DOF translational mo-
tion including disturbances. The Clohessy-Wiltshire
equations have been widely used to model the leader-
follower relative position dynamics of formation fly-
ing systems and are a linear approximation of the non-
linear dynamics originating from the two-body prob-
lem based on the laws of Newton and Kepler. A
model based on the Clohessy-Wiltshire equations as-
sumes spacecraft with small relative distance in a circu-
lar orbit with no orbital perturbations and includes no
higher order non-linear terms [5]. Another, yet simi-
lar, modelling approach, known as the Lawden equa-
tions [6] or Tschauner-Hempel equations [7], is an ex-
tension to the elliptical Keplerian orbits which also do
not consider orbital perturbations. Originally both mod-
els were presented for solutions to the problem of or-
bital rendezvous [8], but have later been used to de-
scribe the control problem of spacecraft formation fly-

ing. A different alternative modelling approach is using
orbit element differences ([9, 10]). Orbit element dif-
ferences originate from Lagrange and Gauss equations
where the orbit of each spacecraft is described by orbit
parameters. The spacecraft will deviate from their de-
sired orbit due to orbital perturbations, hence the name
of the modelling approach. The advantage with the or-
bit element differences model is that the spacecraft are
controlled relative to their natural orbits but the require-
ment of orbit determination and global positioning can
be very computationally demanding.

Research of rotational spacecraft control has also been a
topic the past decade, however, natural extension to dy-
namics and control for 6DOF coupled translation and
rotation has received scant attention in current litera-
ture, except some recent studies, (cf. [11, 12, 13]). To
provide optimal and robust control for spacecraft flying
in formation a detailed mathematical model is very im-
portant. A total model derived with 6DOF will be more
accurate than separate/decoupled 3DOF models, since
translation and rotation in spacecraft formations are
coupled through actuators and external disturbances. A
model based on 3DOF translation of motion does not
consider the influence of angular motion of the space-
craft body relative to the Earth and the other spacecraft
in formation. The model should also include terms of
perturbations due to external disturbances caused by at-
mospheric drag, solar drag and variations in the gravity
field of the Earth. Including such terms of perturbations
will provide a more accurate model and thereby make
the system more fuel-efficient, since the need for ad-
justment and corrections of the spacecraft‘s deviation
from its orbit will be less.

2 Reference frame
To describe the translation and attitude motion dynam-
ics of a spacecraft, different reference frames need to be
presented.

2.1 Earth-Centred Inertial frame

The Earth-centred inertial (ECI) frame, denoted Fi, has
its origin in the centre of the Earth. The zi axis is di-
rected along the axis of rotation of the Earth toward the
celestial North Pole. The xi axis is pointing in the di-
rection of the vernal equinox, Υ, which is the vector
pointing from the centre of the sun toward the centre of
the Earth during the vernal equinox. Finally the yi axis
completes a right handed orthogonal frame. This frame
is non-rotating and assumed fixed in space, i.e. it is an
inertial frame in which Newton‘s laws of motion apply.
See Figure 1 for a graphical description of the frame.

2.2 Leader orbit reference frame

This reference frame, denoted Fl, has its origin in the
centre of mass of the leader spacecraft. The basis vec-
tors are denoted er, eθ and eh, where er is parallel
to the vector rl pointing from the centre of the earth
to the centre of mass of the leader spacecraft. The eh

axis is parallel to the orbit momentum vector pointing
in the orbit normal direction, and the eθ axis completes
a right-handed orthogonal frame, as shown in Figure 1.
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Fig. 1 Reference coordinate frames

This frame is often referred to as a local-vertical-local-
horizontal (LVLH) reference frame because it tracks the
local horizontal plane. This plane is spanned by eθ and
eh, and the local vertical direction, i.e. er where these
basis vectors are defined as [14]

er =
rl

rl
eθ = eh × er eh =

h
h

where h= rl × ṙl = rl × vl is the angular momentum
vector of the orbit and h = |h|. The average angular
velocity of the reference frame is ωil = ν̇eh where ν
is the true anomaly of the orbit of the leader spacecraft.
Assuming a circular orbit results in eθ parallel to the
velocity vector of the spacecraft, and the Fl frame ro-
tates relative to the Fi frame with an angular velocity
of approximately

ωo ≈
√

µ

r3
l

where µ denotes the geocentric gravitational constant
of the Earth and rl is the distance between the frame
origin and the centre of the Earth.

In addition, two auxiliary vectors can be defined, ev and
en, where ev is pointing in the direction of the velocity
vector of the spacecraft and en completes a orthogonal
system with ev and eh, which gives en = ev × eh, see
Figure 2. If the leader spacecraft orbit is assumed to be
circular then ev = eθ and en = er.

2.3 Follower orbit reference frame

The follower orbit reference frame, denoted Ff has its
origin in the centre of mass of the follower spacecraft.
The vector from the centre of the Earth to the centre of
the follower orbit frame is denoted rf . The position of
the follower spacecraft relative to the leader spacecraft
can be given by p = rf − rl where p = [x y z]T .
The relative orbit position vector can be expressed in
the Fl frame as

p = rf − rl = xer + yeθ + zeh .

For a graphical description of the frame, see Figure 1.

Fig. 2 Auxiliary vectors for the leader orbit reference
frame

2.4 Body-fixed reference frame

The body-fixed reference frame has the origin located
in the centre of mass of the spacecraft and is denoted
Flb and Ffb for leader spacecraft and follower space-
craft, respectively. The basis vectors are fixed in the
spacecraft and coincide with its principal axes of iner-
tia. The axes are denoted xlb, ylb and zlb for the leader-
spacecraft, and xfb, yfb and zfb for the follower space-
craft. Rotation about these axes are defined as roll, pitch
and yaw, respectively [15]. The spacecraft‘s attitude
with respect to any reference frame can be defined by
a direction cosine matrix, by its quaternion vector q or
by the Euler angles [16].

2.5 Coordinate frame transformation

The orientation of the spacecraft can be presented in
different frames, and in the following we define the
transformations between the different frames.

2.5.1 Rotation from ECI to the leader orbit frame

The rotation from the Earth-centred inertial frame Fi to
the leader orbit frame Fl can be described by three con-
secutive rotations, where the total rotation matrix can
be written as [16]

Rl
i = Rz(ω + ν)Rx(i)Rz(Ω)

where ν is the true anomaly defined as the angle be-
tween the major axis pointing to the perigee and the
radius vector from the prime focus F (in this case: the
Earth) to the moving body, in this case the leader space-
craft [16]. The term ω is the argument of perigee of the
leader orbit, ω+ν is the argument of the location of the
leader spacecraft from the ascending node, i is the in-
clination of the leader orbit and Ω is the right ascension
of the ascending node of the leader orbit. The inverse
rotation Ri

l =
(
Rl

i

)−1 =
(
Rl

i

)T
is given by

Ri
l = RT

z (Ω)RT
x (i)RT

z (ω + ν) .

2.5.2 Orbit frame transformation

The orbit frame transformation describes the trans-
formation between the orbit plane acceleration vector
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components. The acceleration of the leader spacecraft
can be written as

a =arer + aθeθ + aheh

=anen + avev + aheh (1)

using both the original and auxiliary vectors described
in Section 2.2. Furthermore, the spacecraft velocity
vector can be expressed as [14]

vs = ṙ
µ

h

(
(e sin ν)er + (

p

r
)eθ

)
where µ is the geocentric gravitational constant of the
Earth, h is the magnitude of the angular momentum, e

is the eccentricity and p = h2

µ is the semi-latus rectum
of the spacecraft orbit. As described in Section 2.2 the
vector ev is pointing along the velocity vector vs, and
this relationship can be expressed as [17]

ev =
vs

|vs|
=

h

pv

(
e sin νer +

p

r
eθ

)
(2)

The vector en is defined normal to ev and eh, and hence

en = ev × eh =
h

pν

(p

r
er − e sin νeθ

)
(3)

The transformation between the orbit plane acceleration
vector components can now be derived. Insertion of the
equations (2)-(3) into (1) gives

arer + aθeθ + aheh =
(

an
h

pν

p

r
+ av

h

pν
e sin ν

)
er

+
(

av
h

pν

p

r
− an

h

pν
e sin ν

)
eθ + (ah) eh .

By comparing both sides of the sign of equality the re-
lationship can be written as

[
ar

aθ

ah

]
=

h

pν

 p
r e sin ν 0

−e sin ν p
r 0

0 0 pv
h

[
an

av

ah

]
,

where the transformation is given by the rotation matrix
Cl

a written as

Cl
a =

h

pν

 p
r e sin ν 0

−e sin ν p
r 0

0 0 pv
h

 .

Note that Cl
a is not a proper rotation matrix since

detCl
a = 1 + e2 + 2e cos ν 6= 1. The inverse trans-

formation is given by

[
an

av

ah

]
=

h

pν

 p
r −e sin ν 0

e sin ν p
r 0

0 0 pv
h

[
ar

aθ

ah

]
.

2.5.3 Body frame rotation

Body frame rotation describes rotation from an orbit
frame, denoted Fo, to a body frame, Fb. The rotation
expressed in terms of the Euler parameters is

Rb
o = [c1 c2 c3] = I+2ηS(ε)+2S2(ε)

where the elements ci are the directional cosine vec-
tors. The column vectors are cosines of the angle be-
tween the two frames, hence the name of the elements
ci. Furthermore, the inverse rotation is given by

Ro
b = (Rb

o)
−1 = (Rb

o)
T = RT

e (η, ε) .

3 Modelling
In this section a mathematical model of the relative
translation and rotation between the leader and follower
spacecraft is derived and presented. The model is ref-
erenced both in the leader orbit frame Fl and the Earth
inertial reference frame Fi. When the context is suf-
ficiently explicit, we may omit to write arguments of
functions, vectors or matrices.

3.1 Kinematics

The kinematic differential equations can be found from
the Euler parameters given by the scalar η and the vec-
tor ε defined by [15]

η̇=−1
2
εT ωb

ob ε̇=
1
2

[ηI + S(ε)]ωb
ob

and can be written in terms of the unit quaternion as

q̇ =
[
η̇
ε̇

]
=

1
2

[
−εT

ηI + S(ε)

]
ωb

ob = T(q)ωb
ob (4)

where ωb
ob = TT (q)q̇ is the angular velocity vector in

body frame relative to the orbit reference frame repre-
sented in body frame and ωo

bo denotes the angular ve-
locity vector in orbit frame relative body frame decom-
posed in orbit frame. A useful relation can be stated as
[18]

q̇ = T(q)ωb
ob =

1
2
A(ωb

ob)q

where

A(ωb
ob) =

[
0 −

(
ωb

ob

)T

ωb
ob −S(ωb

ob)

]
∈ SS(4) (5)

i.e. is skew-symmetrical. The time derivative of the an-
gular velocity can be written as ω̇b

ob = TT (q)q̈ where
one of the properties of T(q) is defined as [19]

d

dt

(
TT (q)q̇

)
= TT (q)q̈ (6)

since ṪT (q)q̇ = TT (q̇)q̇ = 0.
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3.2 The N-body problem

Most analysis of celestial and spacecraft orbit dynamics
are based on Newton‘s laws [16], and Newton‘s law
of gravitational attraction is used for close formation
flying consisting of N bodies. The sum of forces acting
on the i‘th body is [16]

Fi=G
n∑

j=1

mimj

r3
ij

(rj − ri), i 6= j

where m is the mass of a body, G is the univer-
sal constant of gravitation is given by G = 6.669 ·
10−11m3kg−1s−2 and (rj−ri) is the vector from body
i to body j. The distance between any two particles
with mass mi and mj is written as

rij = |rj − ri| .

Application of Newton‘s second law of motion gives N
vector differential equations

d2ri

dt2
= G

n∑
j=1

mj

r3
ij

(rj − ri), i 6= j . (7)

From (7) the fundamental differential equation for a
two-body problem can be derived

d2r
dt2

+
µ

r3
r= 0 (8)

where r= r2− r1 is the relative position of masses and
µ = G(m1 + m2) where m1 and m2 is the masses of
two respective bodies.

3.2.1 Formation dynamics

Equation (8) describes the orbit dynamics for a space-
craft under ideal condition, that is with no external
disturbances. The equation can be augmented to in-
clude terms due to external disturbance, fdl and fdf , and
control input vectors, fal and faf , from actuators on-
board the spacecraft, leader and follower respectively.
Force terms due to disturbance can be aerodynamic dis-
turbances, gravitational forces from other bodies, i.e.
third-body attractions, solar radiation, magnetic fields
etc. Equation (8) can then be expressed for the leader
spacecraft with these including terms as

r̈l = − µ

r3
l

rl +
fdl

ml
+

fal

ml
(9)

where µ = G(Me + ml), and for the follower as

r̈f = − µ

r3
f

rf +
fdf
mf

+
faf

mf
(10)

where µ = G(Me + mf ). The parameter Me denotes
the mass of the Earth, ml is the mass of the leader
spacecraft and mf is the mass of the follower space-
craft. The masses of the spacecraft, mf and ml, are
assumed to be small relative to the mass of the Earth
Me, that is µ ≈ GMe. The second order derivative of

the relative orbit position vector p = rf − rl is given
by (9) and (10) as

p̈ =r̈f − r̈l

=− µ

r3
f

rf +
fdf
mf

+
faf

mf
+

µ

r3
l

rl −
fdl

ml
− fal

ml

and after some rearranging the second order derivative
can be written as

mf p̈ = −mfµ(
rl + p

(rl + p)3
− rl

r3
l

)

+ faf + fdf −
mf

ml
(fal + fdl) (11)

3.3 Referenced in a leader orbit frame

3.3.1 Relative translation

The inertial position equation for the follower space-
craft is

rf = rl + p = (rl + x)er + yeθ + zeh

and its second order derivative can be written as

r̈f =(r̈l + ẍ)er + 2(ṙl + ẋ)ėr + (rl + x)ër + ÿeθ

+ 2ẏėθ + yëθ + z̈eh + 2żėh + zëh . (12)

The location of a moving body can be described of its
angular deviation from the major axis [16]. By using
the true anomaly, ν, the relationship between basis vec-
tors, er and eθ, in the Fl frame can be written as [14]

ėr = eθν̇ and doteθ = −erν̇ . (13)

and moreover, the second derivatives of er and eθ are

ër = ν̈eθ − ν̇2er, ddoteθ = −ν̈eθ − ν̇2er . (14)

The vector eh points in the orbit normal direction and
since the motion is in a plane, which means no out-of-
plane motion exists [17], then ėh = ëh = 0. Insertion
of the equations (13)-(14) into (12) gives

r̈f =(r̈l + ẍ− 2ẏν̇ − ν̇2(rl + x)− yν̈)er + z̈eh

+(ÿ + 2ν̇(ṙl + ẋ) + ν̈(rl + x)− yν̇2)eθ . (15)

The position of the leader spacecraft, rl, can be ex-
pressed as

rl = rler

where the second order derivative of the position is
written as

r̈l = r̈ler + 2ṙlėr + rlër . (16)

Insertion of ėr and ër into equation (16) gives

r̈l = (r̈l − ν̇2)er + (2ṙlν̇ + rlν̈)eθ (17)

expressed with the basis vectors. The second order
derivative of the relative position orbit vector p can be
derived by subtracting equation (17) from equation (15)
as

p̈ =r̈f − r̈l = (ẍ− 2ẏν̇ − ν̇2x− yν̈)er

+ (ÿ + 2ν̇ẋ + ν̈x− yν̇2)eθ + z̈eh . (18)
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The position dynamics

A model of relative position dynamics can now be pre-
sented. Insertion of equation (18) into equation (11)
gives the nonlinear position dynamics as

mf p̈ + Ct(ν̇)ṗ+Dt(ν̇, ν̈, rf )p
+ nt(rl, rf ) = Fa + Fd (19)

where

Ct(ν̇) =2mf ν̇

[0 −1 0
1 0 0
0 0 0

]
is a skew-symmetric Coriolis-like matrix,

Dt(ν̇, ν̈, rf )p = mf


µ
r3

f
− ν̇2 −ν̈ 0

ν̈ µ
r3

f
− ν̇2 0

0 0 µ
r3

f

p

may be viewed as a time-varying potential force term
[17] and

nt(rl, rf ) = mfµ

 rl

r3
f
− 1

r2
l

0
0


The relative actuator force Fa and perturbation force
Fd is given by

Fa = faf −
mf

ml
fal Fd = fdf −

mf

ml
fdl

respectively.

3.3.2 Relative rotation

Attitude kinematics

The kinematic differential equation of the leader space-
craft in its orbit frame Fl can be found from equation
(4) as

q̇l=
[
η̇l

ε̇l

]
=

1
2

[
−εT

l
ηlI + S(εl)

]
ωlb

l,lb

where ωlb
l,lb is the angular velocity of the Flb frame rel-

ative to theFl frame, represented inFlb. The kinematic
differential equation of the follower spacecraft is anal-
ogously found to be

q̇f=
[
η̇f

ε̇f

]
=

1
2

[
−εT

f

ηfI + S(εf )

]
ωfb

f,fb

where ωfb
f,fb is the angular velocity of the Ffb frame

relative to the Ff frame, represented in Ffb.

Attitude dynamics

With the assumption of rigid body movement, the rota-
tional motion of the leader can be expressed, including
terms due to perturbations and actuators, as [16]

Jlω̇
lb
i,lb =−S(ωlb

i,lb)Jlω
lb
i,lb + τ lb

d + τ lb
a (20)

ωlb
l,lb =ωlb

i,lb + ωoc2 . (21)

The parameter ωlb
i,lb is the angular velocity of Flb rela-

tive to the Fi frame represented in the Flb frame. The
term ωlb

l,lb denotes the angular velocity of Flb relative
to the Fl frame represented in Flb. The term Jl is the
inertia matrix of the leader spacecraft, ωo is the orbit
angular velocity, τ lb

d is the total disturbance torque, τ lb
a

is the actuator torque and c2 is the directional cosine
vector. The angular velocity of the spacecraft relative
to the Fi frame expressed in the Flb frame is

ωlb
i,lb = ωlb

i,l + ωlb
l,lb = Rb

oω
l
i,l + ωlb

l,lb

where Rb
o = [c1 c2 c3] is the rotation matrix.

The orbit frame revolves relative to the Fi frame
with the angular velocity ωo which yields ωl

i,l =

[0 −ωo 0]T . This gives the angular velocity in the
body frame relative to the Fi frame as ωlb

i,lb = ωlb
l,lb −

ωoc2 where ωo =
√

µ/r3
l . Analogously the rotational

motion of the follower spacecraft can be written as

Jf ω̇fb
i,fb =−S(ωfb

i,fb)Jfωfb
i,fb + τfb

d + τfb
a (22)

ωfb
f,fb =ωfb

i,fb + ωoc2 (23)

where the ωfb
i,fb is the angular velocity of Ffb relative

to the Fi frame presented in the Ffb frame. The term
ωfb

f,fb denotes the angular velocity of Ffb relative to the
Ff frame represented in Ffb. The term Jf is the inertia
matrix of the follower spacecraft, τfb

d is the total dis-
turbance torque, τfb

a is the actuator torque and c2 is the
directional cosine vector.

Relative attitude

The attitude kinematics of the follower spacecraft rel-
ative to the leader spacecraft can be described by the
quaternion product [15]

qa = qf ⊗ q̄l =
[
ηa

εa

]
=

[
ηfηl + εT

f εl

ηlεf − ηf εl − S(εf )εl

]
where q̄l is the inverse unit quaternion. The kine-
matic differential equation of relative attitude can then
be written as

q̇a=
[
η̇a

ε̇a

]
=

1
2

[
−εT

a
ηaI + S(εa)

]
ωfb

lb,fb

where
ωfb

lb,fb = ωfb
i,fb −Rfb

lb ωlb
i,lb (24)

is the angular velocity between the leader body refer-
ence frame, Flb, and the follower body reference frame,
Ffb. The parameter ωfb

i,fb denotes the angular velocity
of the Ffb frame relative to the Fi frame represented
in the Ffb frame and ωlb

i,lb is the angular velocity of
the Flb frame relative to the Fi frame represented in
Flb. The rotation matrix Rfb

lb describes rotation from
the Flb frame to the Ffb frame and expresses ωlb

i,lb in
the Ffb frame. The relative dynamics can be expressed
by differentiating (24) and multiplying with Jf as

Jf ω̇fb
lb,fb = Jf ω̇fb

i,fb − JfṘ
fb
lb ωlb

i,lb − JfR
fb
lb ω̇lb

i,lb .
(25)
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Since

Ṙfb
lb = −S(ωfb

lb,fb)R
fb
lb

and

S(ωfb
lb,fb)ω

fb
i,lb=− S(ωfb

i,lb)ω
fb
lb,fb

equation (25) can be written as

Jf ω̇fb
lb,fb =Jf ω̇fb

i,fb

− JfS(ωfb
i,lb)ω

fb
lb,fb − JfR

fb
lb ω̇lb

i,lb . (26)

Insertion of (20)-(22) into (26) results in

Jf ω̇fb
lb,fb =JfR

fb
lb J−1

l S
(
ωlb

i,lb

)
Jlω

lb
i,lb + τfb

d + τfb
a

− JfS
(
Rfb

lb ωlb
i,lb

)
ωfb

lb,fb − JfR
fb
lb J−1

l τ lb
d

− JfR
fb
lb J−1

l τ lb
a − S

(
ωfb

i,fb

)
Jfωfb

i,fb

where

ωfb
i,fb = ωfb

lb,fb + ωfb
i,lb = ωfb

lb,fb + Rfb
lb ωlb

i,lb .

The relative rotation with perturbation forces and
torques can now be expressed as

Jf ω̇fb
lb,fb = −JfS(Rfb

lb ωlb
i,lb)ω

fb
lb,fb + Υd + Υa

− S(ωfb
lb,fb+Rfb

lb ωlb
i,lb)Jf (ωfb

lb,fb + Rfb
lb ωlb

i,lb)

+ JfR
fb
lb J−1

l S(ωlb
i,lb)Jl·ω

lb
i,lb (27)

where Υd = τfb
d − JfR

fb
lb J−1

l τ lb
d are the relative dis-

turbance torques and Υa = τfb
a − JfR

fb
lb J−1

l τ lb
a are

the relative actuator torques. Furthermore, the second
term in the equation 27 can be rewritten as

S
(
ωfb

lb,fb + Rfb
lb ωlb

i,lb

)
Jf

(
ωfb

lb,fb + Rfb
lb ωlb

i,lb

)
=

S
(
Rfb

lb ωlb
i,lb

)
Jfωfb

lb,fb + S
(
Rfb

lb ωlb
i,lb

)
JfR

fb
lb ωlb

i,lb

− S
(
Jf

(
ωfb

lb,fb + Rfb
lb ωlb

i,lb

))
ωfb

lb,fb .

The relative rotation dynamics can now be written as

Jf ω̇fb
lb,fb+Cr(ω

fb
lb,fb)ω

fb
lb,fb

+ nr(ω
fb
lb,fb) = Υd + Υa (28)

where

Cr(ω
fb
lb,fb) =JfS(Rfb

lb ωlb
i,lb) + S(Rfb

lb ωlb
i,lb)Jf

− S(Jf (ωfb
lb,fb + Rfb

lb ωlb
i,lb))

is a skew-symmetric matrix, and

nr(ω
fb
lb,fb) =S

(
Rfb

lb ωlb
i,lb

)
JfR

fb
lb ωlb

i,lb

− JfR
fb
lb J−1

l S
(
ωlb

i,lb

)
Jlω

lb
i,lb (29)

is a nonlinear term [17].

3.3.3 The 6DOF model

In this section the 6DOF model of relative translation
and rotation in a leader-follower spacecraft structure
referenced in the leader-orbit coordinate system is pre-
sented. The state vectors representing the relative posi-
tion and attitude dynamics cam be defined as

x1 =
[
p
qa

]
, x2 =

[
v

ωfb
lb,fb

]
where p is the relative orbit position vector describing
the relative position between the leader and follower
spacecraft, qa is the unit quaternion describing the rela-
tive attitude between the leader and follower spacecraft,
v describes the relative velocity and ωfb

lb,fb describes
the relative angular velocity. Combining the models of
relative translation and rotation from (19) and (28), re-
spectively, results in the total model for relative transla-
tion and rotation with 6DOF coupled through external
disturbances and onboard actuators, written as

ẋ1 = Λ(x1)x2 (30)
Mf ẋ2 + Cx2 + Dx1 + n = U + W (31)

where

Λ(x1) =

I 0

0 1
2

[
−εT

ηI + S(ε)

]
is the coupling term between the first and second order
dynamics [17],

Mf =
[
mf1 0
0 Jf

]
= MT

f

is a symmetric positive definite matrix consisting of the
mass and moments of inertia of the follower spacecraft,

C(ν̇, ωfb
lb,fb) =

[
Ct(ν̇) 0

0 Cr(ω
fb
lb,fb)

]
∈ SS(6)

=−CT (ν̇, ωfb
lb,fb) (32)

is a skew-symmetric Coriolis-like damping matrix,

D(ν̇, ν̈,rf ) =
[
Dt(ν̇, ν̈,rf ) 0

0 0

]
is a spring coefficient matrix,

n(rl, rf , ωfb
lb,fb) =

[
nt(rl, rf )
nr(ω

fb
lb,fb)

]
is a composite nonlinear term, and

U =
[
Fa

Υa

]
and W =

[
Fd

Υd

]
are relative actuator inputs and orbital perturbations, re-
spectively. It should be noted that the relative rotation
and translation of the leader and the follower spacecraft
is uncoupled when orbital perturbations and actuator
torques are neglected.
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The system properties

The model of the nonlinear dynamics of 6DOF is sim-
ilar to many 6DOF mechanical systems. The system
properties are extensively exploited in the control lit-
erature, particularly in the control of robot manipu-
lators (cf. [18]). System properties like symmetry,
skew-symmetric and positiveness of matrices can be in-
corporated into the stability analysis when designing
control system, and represents physical properties of
the system [20]. The system inertia matrix Mf and
the Coriolis-like damping matrix C(ν̇, ωfb

lb,fb) of the
leader-fixed vector representation have following ad-
vantageous properties. The rigid-body system inertia
matrix Mf satisfies [20]

Mf = MT
f > 06×6 and Ṁf = 06×6 .

The Coriolis-centripetal matrix C can always be param-
eterized such that [20]

C = −CT

when the system inertia matrix M is defined as

M = MT =
[
M11 M12

M21 M22

]
> 0

where M21 = MT
12. The Coriolis-like matrix of the

system in this paper is skew-symmetrical, i.e.

C
(
ν̇, ωfb

lb,fb

)
= −CT (ν̇, ωfb

lb,fb) (33)

since Ct(ν̇) and Cr(ω
fb
lb,fb) are both skew-symmetric

matrices.

3.4 Referenced in Earth-fixed frame

3.4.1 Relative translation

The transformation of the relative translational velocity
expressed in the Fl frame and the Fi frame is given
as ṗi = Ri

lv where Ri
l denotes the rotation matrix

which rotates the linear velocity vector from Fl to the
Fi frame. The term v denotes the linear velocity vector
in the leader-fixed reference frame Fl and ṗi denotes
the linear velocity in the Fi frame. The rotation matrix
Ri

l is given by inverse rotation of Rl
i given as

Ri
l =

(
Rl

i

)−1
=

(
Rl

i

)T
= RT

z (Ω)RT
x (i)RT

z (ω + ν) .

3.4.2 Relative rotation

The relationship between the relative body-fixed an-
gular velocity vector ω and angular velocity in the Fi

frame can be written as [20] q̇i = T(q)ωb where

T(q) =
1
2

[
−εT

ηI + S(ε)

]
denotes the transformation matrix in terms of quater-
nion q =

[
η εT

]T
and TT (q)T(q) = 1

4I3×3. The
term ω denotes the angular velocity of the Ffb frame
relative the to Flb frame decomposed in the Ffb frame,
such that ω = ωfb

lb,fb.

3.4.3 The 6DOF model

The kinematic equations of motion can be expressed as
[20]

[ṗ q̇] =
[

Ri
l 03×3

04×3 T(q)

] [
v
ω

]
⇔ γ̇ = Jx2

where J ∈ R7×6 is a non-quadratic transformation
matrix, x2 ∈ R6 denotes the state vector and γ =[
pT qT

]T ∈ R7 denotes the relative position and at-
titude referenced in the Fi frame. The Earth-fixed rep-
resentation can be obtained by applying the following
kinematic transformations [20]

J† =
(
JT J

)−1
JT =

[(
Ri

l

)T
03×4

03×3 T(q)T

]
(34)

such that J†J = I6×6, where the 6 × 7 matrix J† ∈
R6×7 is the left pseudo-inverse of the matrix J. Now,
the relationship between the state vector x2 and the vec-
tor γ can be written as

γ̇ = Jx2 ⇔ x2= J†γ̇ (35)

where the time derivative of the state vector x2 is

ẋ2 = J̇†γ̇ + J†γ̈ . (36)

By substituting the equations (35) and (36) into the
dynamic equations of motion (31) decomposed in the
leader-fixed frame and multiplying each side with the
transpose inverse kinematic matrix, we obtain

J†T Mf

(
J̇†γ̇ + J†γ̈

)
+ J†T C(ν̇, ωfb

lb,fb)J
†
γ̇

+J†T D(ν̇, ν̈,rf )γ + J†T n(rl, rf , ωfb
lb,fb)

= J†T U + J†T W .

Finally, the total model referenced in the Fi frame can
be written as

Mγ γ̈ + Cγ γ̇ + Dγγ + nγ= J†T U + J†T W

where Mγ(γ)= J†T MfJ† is the system inertia matrix,
the term

Cγ(ν̇, ωfb
lb,fb, γ)=J†T

[
C(ν̇, ωfb

lb,fb)J
† + Mf J̇†

]
denotes the Coriolis-like damping matrix, whereas

Dγ(ν̇, ωfb
lb,fb, γ) =J†T D(ν̇,ν̈,rf )J†

denotes the spring coefficient matrix,

nγ(rl, rf , ωfb
lb,fb) = J†T n(rl, rf , ωfb

lb,fb)

denotes a composite nonlinear term, J†T U is the in-
put torque/force and J†T W contains the relative orbital
perturbations.
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System properties of the ECI Vector representation

It can be shown that the matrices of the system have the
following important properties where the inertia matrix
of the system has the property [18]

Mγ(γ) = MT
γ (γ) > 0 ∀ γ 6= β

[
0
q

]
∈ R7

and is positive semi-definite, which yields

yT Mγ(γ)y > 0, ∀ y 6= β

[
0
q

]
, β ∈ R .

The derivative of the inertia matrix with respect to time
can be written as

Ṁγ = J̇†T MfJ† + J
†T

Mf J̇†

as opposed to the inertia matrix in the leader-fixed rep-
resentation where Ṁf = 0. The Coriolis-like damp-
ing matrix can be shown to have important property. It
should be noted that Cγ(ν̇, ωfb

lb,fb, γ) will not be skew-
symmetrical although C(ν̇, ωfb

lb,fb) is skew-symmetric,
that is

Cγ(ν̇, ωfb
lb,fb, γ) 6= −CT

γ (ν̇, ωfb
lb,fb, γ) .

A useful property including Cγ(ν̇, ωfb
lb,fb, γ) is[

Ṁγ − 2Cγ

]T

= −
[
Ṁγ − 2Cγ

]
(37)

i.e. skew-symmetric, and hence

sT
[
Ṁγ − 2Cγ

]
s = 0 .

This property can be shown as follows [18]:

Ṁγ − 2Cγ

=J̇†T MfJ† + J†T Mf J̇†

− 2J†T CJ† − 2J†T Mf J̇†

=J̇†T MfJ† − J†T Mf J̇† − 2J†T CJ†

and hence (37) follows from the fact that
CT

(
ν̇, ωfb

lb,fb

)
= −C

(
ν̇, ωfb

lb,fb

)
. Furthermore,

we find that

Ṁγ = Cγ + CT
γ

since Ṁγ(γ) = ṀT
γ (γ).

4 Simulations
In this Section simulations of the model referred to
the leader orbit coordinate system is presented where
the impact of the perturbing forces and torques are il-
lustrated. The formation consists of two spacecraft, a
leader and a follower. The simulations are performed
using a Runge-Kutta ODE (ordinary differential equa-
tions) solver, namely ODE45. The perturbations acting

on the follower spacecraft considered in the simulation
are based on standard perturbation models. Although
perturbations due to several disturbing forces are acting
on the spacecraft, only atmospheric drag and the oblate-
ness of the Earth are included. Perturbations due to at-
mospheric drag have a considerable effect on spacecraft
located in altitudes below 500 kilometres, and the drag
will be larger for a spacecraft with low mass, large area
or low height. Perturbations due to solar radiation and
the third body effect are not considered due to the fact
that the effects of these perturbations vary based on the
location of the Sun and other celestial bodies. In our
simulation scenario the follower spacecraft is located
10 m behind the leader spacecraft in the along-track di-
rection and is assumed to have the same initial values
as the leader spacecraft, that is initial orbit velocity and
attitude. The initial values for the leader and follower
spacecraft referenced in the Fi frame are given as

xl =
[
6621 · 103 0 0 1 0 0 0

]T
.

The leader spacecraft is assumed perfectly controlled
in an elliptic orbit with an altitude of 250 km at perigee
with inclination 10◦ and eccentricity of 0.2. The masses
of the spacecraft are assumed to be 100 kg and constant.
Furthermore, the inertia matrix for both spacecraft are
assumed to be

Jl = Jf =

[0.06 0 0
0 0.06 0
0 0 0.0030

]
kgm2 .

The relative desired position and attitude are given as

xd =
[
pd

qd

]
= [100 70 50 0 1 0 0]T .

The position and velocity of the follower spacecraft rel-
ative to the leader spacecraft are shown in Figure 3, and
the relative attitude and angular velocity are shown in
Figure 4.
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Fig. 3 Relative position and velocity between leader and
follower spacecraft.
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Fig. 4 Relative attitude and angular velocity between
leader and follower spacecraft.

If no orbital perturbations were present, the relative po-
sition and attitude would be constant. Hence, the per-
turbing forces and torques can be seen from the figures
to have a large impact on the system states.

5 Conclusion
In this paper we have presented a 6DOF mathematical
Euler-Lagrange model formulation of relative transla-
tion and rotation in a leader-follower formation consist-
ing of two spacecraft. The model is referenced both
in the leader-fixed system and in the Earth-fixed iner-
tial coordinate system, and system properties like sym-
metry, skew-symmetric and positiveness of matrices for
both the models was presented. Simulation results for
the leader-fixed representation were presented, where
orbital perturbations due to atmospheric drag and grav-
ity variation were included in the simulation. The sim-
ulation results show that the orbital perturbations have
a strong impact on the spacecraft.
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