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Abstract

The problem of correct choice of mathematical model of external load to dynamic system
arises often at mathematical modeling of real motion of open dynamic systems. Direct
measurements of these external loads are impossible as a rule. However an important question
remains open if the function of external load obtained by experimental way is going to be the
best model of external load. Besides that the goals of mathematical modelling are different:
the modelling of selected motion of dynamic system, different evaluations of response of
dynamic system (from below, from above), the modelling of the best forecast of motion of
dynamic system with account of inaccuracy of the mathematical description, the modelling of
the guaranteed evaluations of system responses, the maximal stable model to small changes of
experimental conditions and so on. The choice of model of external load depends from goals
of the use in the future.

In the given work the problem of construction (synthesis) of mathematical model of unknown
external load to open dynamic system for different goals of the use at mathematical modeling
in the future by the identification method is considered [1,2,3,4]. These problems are ill-posed
by their nature and so the method of Tikhonov's regularization is used for its solution. For
increase of exactness of problem solution of synthesis for models class the method of choice
of special mathematical models is offered.
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1 Introduction

One of the important problems of mathematical
modelling of dynamic systems is the coincidence of
modelling results with experimental measurements.
Such coincidence is being attained by construction of
"correct" mathematical model (MM) of the dynamical
system and the choice of "good" model of external
load. MM of object the motion of which coincides
with experimental measurements with acceptable
accuracy under action of model of EL (or external
impact) which corresponds to real EL ("good" model)
is understood as "correct" model. Thus the degree of
"correctness" of MM depends directly on the chosen
model of EL and required accuracy of the coincidence
with experiment. It is formally possible to write as an
inequality for models with the concentrated
parameters

F(A4,z us) <& (1)

where A4, is an operator of the certain structure which
is carrying out the connection of EL z and the
response of MM u (4, z = u) and which depends on
vectors - parameters p, us is experimentally obtained
reaction of real dynamic system on real EL; & = Const
> ( is a required accuracy of the coincidence of
experiment with results of mathematical modelling; z
is the function of external impact, z € Z; u, us are the
vector-functions of the response of researched object
on external load, u €U, useU. One of possible variants
of an inequality (1) can be the following inequality

|4,z —usl v <e, 2)

where | | there is a norm in functional space U.
Characteristic feature for problems of a considered
type is that the operator 4, is compact operator [5].
The value ¢ is set a priori and characterizes desirable
quality of mathematical modelling. The vector-
function us is obtained from experiment with a known
error o

” MT—ua‘”de (3)

where ut is an exact response of object on real EL.

It is obvious that in the case of performance of an
inequality (2) operators 4, and function z is connected.
It is easy to show, that at the fixed operator 4, in (2)
exists infinite set of various among themselves
functions z, which are satisfy to an inequality (2) [5].
And, on the contrary, at the fixed function z there are
infinite many various operators for which an
inequality (2) is valid [5].

As a rule the check of an inequality (2) is not being
executed in the practice of mathematical modelling,
but its performance is meant. The error of the
measuring equipment J is contained in value & as
obligatory component and therefore the inequality
J < ¢ is always taken place. It occurs for the reason,
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that the accuracy of experimental measurements is
higher as required accuracy of modelling as a rule.
Frequently only qualitative coincidence of results of
mathematical modelling with experiment is content
us.

2 General

Let us considered some dynamic system 2. the motion
of which is being described by ordinary differential
equations of n-order. It is suggested that the records of
all external loads f,(¢), f;(¢),.... f,,(t) (except only
one f,(¢)) and one state variable, for example x,(?),
are obtained by experimental way during motion of
system for some interval of time # €[0,7].

The model z(¢) of external load f(¢) is necessary to
find after the action of which the mathematical model
of system >, (MM2)) moves such way that the state
variable x,(#) coincides with experimental record
X,(t) of x,(¢). The rest external loads are coincided
with external loads f,(¢), f;(¢),..., f,,(t) known from

experiment. The problems such type was named the
problems of external loads identification [1,2,3,4].
The model z(¢#) which was obtained such method

depends from chosen MMY. and from goals of the use
at mathematical modeling in future.
If the initial dynamic system do not satisfy the
condition as have been specified above then this
system can be reduce to system 2 with help additional
measurements [4,6].
Let us assume that the MMY is linear and that the
connection between unknown function z(#)and
functions f,(¢), f5(¢),..., f,,(¢) , x,(¢) has the form:
A,z=B,x, 4)
where A4, is linear integral operator (4,:Z —>U)

which depends continuously on vector parameters p
(MMY),
P=(PysPyresy) () is the sign of transposition,

of mathematical model of system
peRY,R" is the Euclidean vector space with norm
|| p || =(p,p); B, is linear bounded operator

(B,:X — U ) which depends continuously on vector

T
parameters p; X = (x1(2), [5(8),. .., [, (1) ;
zeZxeX; Z,X,U are Gilbert spaces. The
functions x,(?), f5(¢),..., f,,(¢) are given with known
fm (t))T as these

functions had been obtained from experimental
measurements:

inaccuracy X = (X (t),]N”z 0),.

|x0)-%®)], <. %)
where x(¢) is the exact vector function of initial data,

O — given value.
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Besides it is suppose that the vector parameters p is

given inexactly. So vector p can has values in some

closed domain D: peDcR". Two operators

4,,B, correspond to each vector from D . The set of
possible operators 4, has been denoted as class of
operators K, , the set of possible operators B, has
been denoted as class of operators K,. So we have
ApeKA,Bp ek, .

operators A4, from class K, and operators B, from

The maximal deviations of

class K, are equal:

| 4
Denote by Q; , the set of the possible solutions of

equation (1) with account of
measurements inaccuracy only:

A

e ps

<d.

<h, HBP’—B

ZU Prillx—u

experimental
Qﬁ,p :{z:zeZ,ApzeUﬁ,p,peD} s
wherU; ,={u=B,x:uelU,xe X;,peD},

Xs={x:xe X,

x-x|, <6}

The operator 4, in equation (4) is a completely

continuous operator for overwhelming majority of
cases and so the set O , is unbounded set in space Z

as a rule (ill-posed problem) [6,7].

The set of possible solutions of equation (4) O, , has
to expand to the set Q,, if additionally the

inaccuracy of operators 4,, B, take into account:

Osp= {z:zeZ,AbzepLEJDQ;p,beD} R

whereQ;p ={z,zeZ, ApzeU;’D, peDy,

*
Usp=Y Us,.
aeD

Let us formulated some problems of synthesis of
external models for different cases of the use at
mathematical modeling in the future.

Any function z from set Q;  is simulating of the

motion of dynamic system MMY. with the inaccuracy
of experimental measurements only.
Any function z from set Q;, is simulating of the

motion of dynamic system MM with the inaccuracy
of experimental measurements and inaccuracy of
operators 4,, B, .
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2 Formulation of Problems of Models
Synthesis

As the sets Oy, , O;, are unbounded for any

6>0,Dc R" so the functions z,, z,, are not stable

to small change of initial data [5,7].

The regularization method for equations with inexact
given operators were used for an obtaining of stable
solutions of denoted above problems [5,7].

Let us consider the stabilizing functional Q[z] which

has been defined on set Z,, where Z, is everywhere

dense in Z [5,7]. Consider now the extreme problem
I:

Qz,]= inf Q[z],peD. (6)

zeQs. » nZ,

It was shown that by certain conditions the solution of
the extreme problem exist, unique and stable to small
change of initial data x,(¢),6,4,,8, [5,7].

The function z, 1is the stable solution of EL after

p
account of experimental measurements inaccuracy
only.
Consider now the extreme problem II:

Q[z,]= inf Q[z], peD. @)
ze0s pNZ,

In complete analogy the function z,

solution of EL after account of experimental
measurements inaccuracy and inaccuracy of operators
4,, B,.

Then the stable model z_;
from below of the selected response B,x, =4,z of

is the stable

which gives the evaluation

n

system MMY. can been defined as result of the
solution of the following extreme problem III:

2
= inf in
U AeK,,BeKy z,

2
,beD,
U

|Abzp|

|| Abmm Znin
where z, is the solution of extreme problem (6) on

set Qs , -
The stable model z,, which gives the evaluation

from above can been defined as result of the solution
of the following extreme problem IV:

2
sup  sup " A”ZP"U’ beD.

2
v 4,€K . Bk, z,

|| Abmax Zmax

The stable model z,, of external load which gives the

best result of motion of system MMY_ with guarantee
as the solution of the following extreme problem V:

2 2

A z —z|| —infsu "A,z —B_f|| =d., (8

[ 4,2 -%[, =infsup] 4.2, -BE], =d;. ®
b eD.

un

Consider now the following extreme problem:
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inf sup ” A,z—-B,x; "U = " 4,2y-B, x; "U .(9)

zeQ; peD

Theorem. Function z,,s € Ops © Q%*s exist and is
stable to small change of initial data (function xs), if
the functional Q[z] is stabilizing functional and the
function z, is defined unique from (9).
Prov. Let the function z,, s is solution of problem (12)
with function x,, for which inequality is valid

@ -%@)|, <5.
We can now show that z,, 5 is stable to small change
of function x5 It means that for any & > 0 exists the
value &) > 0 for which from inequality | x; — xs [ y <
J< K e) follow the inequality I Zuné— Zo l,<e
The function which satisfies the condition

sup Q[z]=Q[z"]
zeQr
we denote as 2.
It is assumed that function z exists and is bounded.
Evidently that for any 6 > 0 for function z,,s the
inequality is valid
Qfzunsl <Qlz:z € 07 < Q2] = ¢y,

where O ={z:z€Z;;4,z=B,x;,p € D}.

The function z,, s belongs to compact set

Zy=14z:z e Z;,Qz] £ cy}.
from the definition of functional Q[z] [12].
Let us choose the subsequence of positive numbers o
which converge to zero {J} d 0. The function Zun,s,

(10)

€ Z, which is the solution of extreme problem V is
assigned to each ¢&. We can extract converging

subsequence {zu,,,,;]} - 20 €Z, from sequence
i 00

{z,m,gk}. The sequence {xgk_} converges to xy at k—oo
as {&} — 0. Let us change of indexing of this

sequence as {xgn}.

Fixed vector p € D, operators 4, € K, B, € K3 and
value of inaccuracy of initial data 6, Let z,;, is the
solution of extreme problem (6). It follows from
theory of ill-posed problems that z,; — z,r by

{0,} — 0.The functions z, 5 have to belong to the set
Os p which is the subset of Os . » by any n. Function
Zun,s, will be pertain to set QD,gn by any n. On the

basis of of this the function z, must belong to the set

Or, z, € Or. We can now show that the equality

:dT

" A, zy—u,r inf sup” Apz—up)T"

|U 2€0r pepD U
for function z, with some vector peD is valid. So

function Z, is the solution of extreme problem V.
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Each function z,,s, satisfies condition

zelgr)f;n f}lelg | Apz N Bpxé‘n ||U - “ Apun.n Z”V"‘sn B Bpxb‘" “U ’
where
0y = (2, :002,1=_jnf_Of:1)
0 zer-” 2N

Os , :{z:" A4,z2-B,z; "U <9,}.

So we have on the definition of operator 4,

inf su |Az—Bx|| :HA . ‘_Bx”z
2€0p 5, pgg » P70 ly Punn UN5, p~rs, U
> | A,z —B x5 ||U .

Approaching the limit as # — oo in last inequality we
obtain

inf sup" A,z— B, x; "

ze0r peD

=42 =B,
But there are not functions z, and operators 4, € Ky,
B, eKj, which given the value of (8) the less than d.

From this it follows that

| 4,20-8,3], =dr =] 4, 20=8,],

In view of solution uniqueness of extreme problem V,
we have
Zy=2.

Theorem is proved.

If the classes K, Kz consists from the limited number
of operators K, = {4}, A,, ... Ax}= {4;}, Kz = {B;, B,
... By}={B;}, i =1,N, then the algorithm of finding
of the best unitary model of external load z, has the

form

it sup] 2 By, ], =] 4, -8, 5,

z€0p 5, peD v

= min max " 4z, - B,.x5||U ,
J i

where

Ops =05 =1z:| 47, -BF|, =6.j=12}.

3 ldentification of model of external load
on rolling mills

One of the important characteristics of rolling process
is the moment of technological resistance (MTR)
arising at the result of plastic deformation of metal in
the center of deformation. Size and character of
change of this moment define loadings on the main
mechanical line of the rolling mill. However
complexity of processes in the center of deformation
does not allow to construct authentic mathematical
model of MTR by usual methods. In most cases at
research of dynamics of the main mechanical lines of
rolling mills MTR is being created on basis of
hypothesis and it is being imitated as piecewise
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smooth linear function of time or corner of turn of the
working barrels [4,8]. The results of mathematical
modeling of dynamics of the main mechanical lines of
rolling mills with such model MTR are different
among themselves [4].

In work the problem of construction of models of
technological resistance on the rolling mill is
considered on the basis of experimental measurements
of the responses of the main mechanical system of the
rolling mill under real EL [4,8]. Such approach allows
carrying out in a consequence mathematical modeling
of dynamics of the main mechanical lines of rolling
mills with a high degree of reliability and on this basis
to develop optimum technological modes.

The kinematics scheme of the main mechanical line of
rolling mill was presented on Fig.1. (a).

& MHup

9 92

94

Fig.1. Kinematics scheme of the main mechanical line
of rolling mill.

The four-mass model with weightless elastic
connections is chosen as MM of dynamic system of
the main mechanical line of the rolling mill (see

Fig.1.(b)) [8]:

y 2 P P _%n .
M, +aw, M, _8_M23 _I’TMM _?Meng(t) ;
2 2 1

. C C C
My + @3 My —2 M, +-2 M, =2 M"Y, (t) (11)
,92 '92 ‘93

V 2 Coy4 Coy4 STy .
M+ My, _7M12 ""?Mzs —FM rot (1) 5
2 4 4

(8 +8)
3.9,
inertia of the concentrated weights, c; are the rigidity

where @i = , 9 are the moments of
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of the appropriate elastic connection, MY, M-, are
the moments of technological resistance put to the
upper and lower worker barrel accordingly, M.,,(?) is
the moment of the engine.

The problem of synthesis of mathematical model of
EL can be formulated so: it is necessary to define such
models of technological resistance on the part of metal
which would cause in elastic connections of model of
fluctuations identical experimental (in points of
measurements) taking into account of an error of
measurements for chosen MM of the main mechanical
line of rolling mill.

The information on the real motion of the main
mechanical line of rolling mill is received by an
experimental way [4,6,8]. Such information is being
understood as presence of functions M;,(2), M>s(t),
May(1).

The records of functions M;,(t), Mss(t), M,.t) by
rolling process are shown on Fig.2.

MHM | i
2400 /
1600 AN
il
800 VWA \,\/\fv\[-\
/ M3
0 v 0.1c t,c
\,JA
500 \J\/\ /\W N
¥ N My,
MHM

Fig.2. Records of functions My(t), M1;3(t), M1.(2).

Let's consider a problem of construction of models of
EL to the upper working barrel. On the lower working
barrel all calculations will be carried out similarly.
From system (11) the equation concerning required
model MY,,; can be received

t
[sin@, (1M, (D)dr=us(t)or A,z =uy, (12)
0

rol

where z = MY,,(7), A, is a linear integral operator.

The maximal deviation of the operators 4, K, one
from another is defined by an error of parameters of
mathematical model of the rolling mill. The error of
definition of values of discrete weights is being
accepted as 8 %, the error of stiffness values - 5 %,
error of values of damping factors - 30 %. The size of
the maximal deviation of the operators 4, K, was
defined by numerical methods and it equal 2 = 0.121.
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An error initial data for a case Z = U = L,[0,T] is
equal 6 =0.0665 MuMm.
We shall choose the functional Q [z] as

(13)

The most typical case of rolling on a smooth working
barrels was chosen for processing when the upsetting
of fluctuations are not observed and when there is not
skid [4,8].

In a Figure the diagrams of functions z

Q[z]:.Tf(z'2+zz)dt.
0

z . for a

un> “min
typical case of rolling on a smooth worker barrel are
submitted.

ment [MHM]

Zun
— - — - =Zmin

“The models of technological rsis tance mon

Fig.3. The diagrams of the moment models of
technological resistance on the rolling mill.

The results of calculations are showing that the rating
from above of accuracy of mathematical modeling
with model z,, for all 4,& K, does not exceed 11 % in
the uniform metrics with error of MM parameters of
the main mechanical line of rolling mill in average 10
% and errors of experimental measurements 7 % in the
uniform metrics.

The calculations of model of EL Z, for a class of

models K, Kz on set of the possible solutions QOgsp
was executed for comparison. The function which is
the solution of a problem of synthesis in this case has
the maximal deviation from zero equal 0.01 Mnm.
Such model does not represent interest for the
purposes of mathematical modeling as it practically
coincides with trivial model.

In work [4] the comparative analysis of mathematical
modeling with various known models of external load
was executed. Thus the model of load z,, turn out to

be correspond to experimental observations in the
greater degree.

3 Conclusions

In paper some problems of construction of external
load models for dynamic systems with inexact
description by help of identification method is
considered. The different formulations of such
problem is offered: the stable model for obtaining the
best results of mathematical modeling with guarantee,
the stable model for obtaining evaluation of response
from above, stable model for obtaining evaluation of
response from below, stable model for mathematical
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modeling of the selected motion with the fixed model
of dynamic system, the stable model for mathematical
modeling of the selected motion of system for whole
class of mathematical descriptions of system.

The offered approach to synthesis of mathematical
models of external loads can find application in cases
when the information about external loads is absent or
poor and also for check of hypotheses on the basis of
which were constructed the known models of external
loads.
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