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Abstract  

Masonry is a composite material constituted by the assemblage of bricks and mortar joints. It 
is commonly accepted that the mortar joints have a much lower strength than that of the 
bricks. As a consequence, there are preferential planes of weakness along which cracks 
propagate. This is particularly true in case of masonry panels out-of-plane loaded, where 
experimental evidences often show that failure lines follow the disposition of the bricks. Out-
of-plane failures are mostly related to seismic and wind loads and the lack of out-of-plane 
strength is a primary cause of failure in different forms of masonry. In this paper, a 
heterogeneous approach for FE upper bound limit analyses of out-of-plane loaded masonry 
panels is presented. Under the assumption of associated plasticity for the constituent 
materials, mortar joints are reduced to interfaces with a Mohr-Coulomb failure criterion with 
tension cut-off and cap in compression, whereas bricks are supposed infinitely resistant. At 
each mortar interface, plastic dissipation can occur as a combination of out-of-plane shear, 
bending and torsional moment. In order to test the reliability of the model proposed, several 
experimental tests of dry-joint panels out-of-plane loaded have been carried out at the 
University of Calabria (Italy). Numerical results are compared with experimental evidences 
for three different series of walls at different values of the in-plane compressive vertical loads 
applied. The comparisons show that reliable predictions of both collapse loads and failure 
mechanisms can be obtained by means of the numerical procedure employed. 
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1 Introduction 
Masonry is one of the most ancient structural 
materials. The evaluation of the ultimate load bearing 
capacity of masonry elements is a key aspect for the 
design of new structures and the assessment of 
existing buildings. 

Load bearing masonry walls are subjected 
simultaneously both to in-plane loads (self weight) 
and out-of-plane actions (earthquakes, wind, 
explosions, etc). 

While masonry behavior subjected to in-plane actions 
has been widely investigated [1-2], relatively few 
papers devoted to the analysis of out-of-plane actions 
have been presented in the recent past in the technical 
literature [3-4-5]. Nevertheless, it is worth noting that 
the importance of the problem was stressed for the 
first time two centuries ago by Rondelet [6]. 

The recent earthquakes occurred in Italy confirmed 
that the lack of out-of-plane strength is a primary 
cause of failure in masonry structures [7-8] and that 
collapse is commonly caused by an inadequate 
interlocking between perpendicular walls. Moreover, 
laboratory tests conducted on brick masonry structures 
out-of-plane loaded [9-10-11-12] have shown that 
failure takes place along a well-defined pattern of 
lines, which usually follows the joints’ disposition. As 
a consequence, the interfaces between bricks and 
mortar, have a much lower strength than that of the 
bricks, thus representing preferential planes of 
weakness along which cracks propagate. 

Another important aspect that should be better 
investigated is the combined interaction of membrane 
and flexural loads. In fact, in-plane loads increase both 

the ultimate out-of-plane strength and the ductility of 
masonry, and bring additional complexity to the 
structural analysis. 

From a numerical point of view, it has been shown [4-
13] that classic limit analysis theorems can be 
profitably used for the prediction both of collapse 
loads and failure mechanisms of masonry structures 
in- and out-of-plane loaded. In this framework, 
different numerical models have been proposed in the 
past in the literature, based either on homogenization 
theory [4] or on a separate modeling of bricks and 
mortar joints [14]. 

In this paper, a heterogeneous approach is used in 
combination with limit analysis concepts for the 
analysis of both thin and thick masonry plates. A 
Finite Elements upper bound heterogeneous limit 
analysis model is presented based on a triangular 
discretization of the domain, where joints are reduced 
to interfaces with frictional behavior and limited 
tensile and compressive strength. Out-of-plane 
velocities interpolation is assumed to vary linear 
inside each element and possible jumps of velocities 
can occur at the interface between adjacent triangles. 
In this way, no dissipation is possible in continuum, 
whereas at each interface, plastic dissipation can occur 
as a combination of out-of-plane shear, bending and 
torsion. In this way the Reissner-Mindlin approach 
here proposed can be used for the analysis both of 
thick and thin plates, and it reduces to the well known 
Munro and Da Fonseca [15] triangular element 
(suitable for thin plates) when plastic dissipation is 
allowed only for bending moment. Moreover, the 
present approach allows, in principle, to take into 
account also bricks failure. 
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Fig. 1: Reissner-Mindlin FE kinematic limit analysis element. –a: field of velocities and discontinuity at each 
interface between adjacent triangles. –b: possible plastic dissipation at the interface due to bending moment, 
torsion and shear. 
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It is worth noting that the present heterogeneous out-
of-plane approach, which takes into account out-of-
plane failure due to a combined and simultaneous 
action of torsion, bending and shear, is new in the 
technical literature. For this reason, in order to assess 
the reliability of the numerical model proposed, a 
comparison with a number of experimental results, 
related to a set of tests conducted at University of 
Calabria (Italy) on three series of dry-joints masonry 
walls out-of-plane loaded [16-17], is made. 

The good agreement between experimental data and 
numerical predictions shows the reliability of the 
numerical procedure presented [18]. 

2 Heterogeneous upper bound FE limit 
analysis of masonry walls out-of-plane 
loaded 
In this section, a FE kinematic limit analysis model for 
the analysis of both thick and thin masonry walls is 
presented [18]. Reissner-Mindlin plate hypotheses are 
adopted. 

The FE formulation is based on a triangular 
discretization of the wall, constituted by a regular 
assemblage of bricks disposed in running bond 
texture. Hence, each brick is meshed at least using 4 
triangular elements in order to follow the actual 
disposition of the interfaces between adjacent bricks, 
i.e. dry-joints in the present case. 

For each element E , one out-of-plane velocity 
unknown  per node i  is introduced, so that the 
velocity field is linear inside each element. Several 
nodes may share the same coordinate, being each node 
associated with only one element. In this way, at each 
interface between adjacent triangles, possible jumps of 
velocities can occur. 

E
ziw

At each interface between adjacent elements M  and 
, both constant bending rotation rates  and a 

torsional rotation rates  can occur. Furthermore, 

an out-of-plane jump of velocities  which varies 

linearly along the interface is also considered. , 

 and  can be easily evaluated making use of 
the following linear relation between nodal velocities 
of adjacent elements 
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with kji yyb −= , jki xxc −=  and  is the 
element area; 
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Power dissipated at each interface between adjacent 
triangles can be evaluated taking into account that 
three different elementary interface plastic dissipations 
can occur, related respectively to shear , bending 

moment  and torsion . 
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A linearization of the interface failure surface 
( )nnntzt MMT ,,Φ  is required. At this aim, in this 

paper a static approach is used to obtain a lower bound 
estimation of Φ . For each interface I , we assume 
that only normal stress nnσ  and two tangential 

stresses ntτ  and nrτ  along two assigned 
perpendicular directions act. The interface is 
subdivided along its thickness in a sufficiently large 
number of layers  of constant thickness Ln

Li nt /=Δ , as shown in Fig. 2. In this way, three 
stress optimization unknowns per layer are introduced, 
being the stress vector  kept 

constant along the  layer. In this way, the total 
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number of stress unknowns introduced is 3x . Static 
admissibility is imposed in correspondence of each 
layer and involves, for the  layer, only ,  

and  variables, once that a linearization of the 

failure surface 

Ln

thi )(i
nnσ )(i

ntτ
)(i

nrτ
( ))(iσφφ =  for each layer is 

provided. 

In this work, a Mohr-Coulomb failure criterion 
combined with tension cut-off and cap in compression 
is adopted. 

Within each layer  of the interface i I , a 
piecewise linear approximation of the failure surface 

( ))(iσφφ =  is adopted, constituted by  planes of 

equation , where  

is a  vector of coefficients and  is the right 

hand side of the  linearization plane. 
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In order to obtain a lower bound estimation of the 
interface failure surface, three equilibrium equations 
involving macroscopic actions ,  and  
and (integrated) internal stresses are further imposed, 
once that an optimization direction  is a priori 

fixed in the  space. 
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where λ  is the limit load in the space 
,  is the optimization direction. 

It is worth noting that for an accurate lower bound 
estimation of the failure surface several  directions 

should be investigated and  is the membrane load 
perpendicular to the interface direction. It is worth 
underlining that, for the sake of simplicity  is kept 
constant. This implies that for bed joints we assume 

 equal to the applied in-plane vertical compressive 
load, whereas for head joints we assume  equal to 
zero. 
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Making use of Eq. ( 2 ) for several directions , 
a linearization with  planes for the interface failure 
surface  is easily obtained as 
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Internal power dissipated at each interface is 
evaluated making use of the following expression: 
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where: 

- and  represent respectively the qth plastic 
multiplier rate of the initial (i) and final (f) point of the 
interface I, being the variation of plastic multiplier 
rates on interfaces linear; 
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-  and  are the jumps of velocities between 

elements  and 
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N M  in correspondence of the initial 
(i) and final (f) point of the interface I, respectively. 
It is worth noting that in Eq. ( 2 )  the well known 
normality rule, i.e.  

(∑
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q
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)( 1,/ Aλλϑ &&& ), has been used, 

which adds additional equality constraints for the 
optimization problem. 
External power dissipated can be written as: 

( )wPP TTexP 10 λ+=  ( 4 )

where  is the vector of equivalent lumped 

permanent loads; 
0P

λ  is the load multiplier,  is the 
vector of lumped variable loads and w  is the vector 
of assembled nodal velocities.  

1P

As the amplitude of the failure mechanism is arbitrary, 
a further normalization condition in the form 

 is usually introduced. 11 =wPT

Hence, the external power becomes linear in  and w
λ : 

λ+= wPTexP 0  ( 5 )

After elementary assemblage operations, the following 
optimization problem is obtained: 
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where  and  are the (assembled) right-
hand sides of the inequalities which determine the 
linearized failure surface of the homogenised material 
respectively in continuum and in the interfaces and 
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unknowns, which collects the vector of assembled 
nodal velocities ( ), the vector of assembled 
bending interface rotation rates ( ), the vector of 

assembled torsion interface rotation rates ( ), the 
vector of assembled jump of velocities on interfaces 
(

w
nnθ
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ntθ
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ztδ
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& ) and the vector of assembled interface plastic 

multiplier rates ( ). assI ,λ&

It is worth noting that in Eq. ( 2 ),  is the overall 
constraints matrix and collects velocity and rotation 
boundary conditions, relations between rotation rates, 
velocity jumps on interfaces and elements velocities 
and constraints for plastic flow in velocity 
discontinuities. However, refer to [18] for a deeper 
development of the model implementation. 

eqA

3 Numerical model validation 
In order to assess the reliability of the numerical 
model proposed, in this section a comparison with a 
number of experimental results, related to a set of tests 
[16-17-18] conducted at University of Calabria (Italy), 
is reported. As shown in [16-17], three different series 
of dry-joint masonry panels were tested. Each wall, of 
dimension 100x100cm2 was arranged in running bond 
texture using 1:3 scale bricks, without mortar. In-scale 
models were used in order to reproduce in a simple 
way a 300x300cm2 masonry wall, trying to represent 
the real behavior of a wall inside a real building (Fig. 
3). 

For each series, three sub-series (which differ only for 
the constant vertical compressive load, equal to 7, 10 
and 13 kN respectively) were loaded until failure by 

means of the application of a concentrated out-of-
plane force, perpendicularly to the frontal surface of 
the panel. For each sub-series, at least three panels 
were experimentally tested, nevertheless, for the sake 
of conciseness, load-displacement curves relative to 
the investigated points are reported only for one panel 
of each sub-series. See [16-17-18] for a better 
description of the experimental program, materials 
adopted and experimental procedure. 

 
Fig. 3: Steel frame, instrumentation and tested panel. 

In the first series (Series A), the lower edge and one of 
the lateral sides of the panels were clamped and 
constrained to a stiff steel frame, whereas the 
remaining two sides were free both to rotate and 
move. The out-of-plane force was applied in 
correspondence to the right top edge of the model. 
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Fig. 4: Loading and constraint conditions. –a: series A. –b: series B. –c: series C. 
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In the second series (Series B), three sides were 
clamped, whereas the top surface was free to move. 
Also in this case, the horizontal force was applied 
eccentrically at the top of the specimens. The third 
series (Series C) differs from Series B only for the 
point of application of the out-of-plane load, placed in 
this case at the top-center of the specimens (Fig. 4). 
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Fig. 5: -a: Load-displacement curves: series B-SS 13. 

–b: Load-displacement curves: series B-SS 10. –c: 
Load-displacement curves: series B-SS 7. 

During the tests, load-displacement curves were 
obtained registering displacement values by means of 
centesimal mechanically operated dial gauges and 
linear inductive displacement transducers, placed in 
different points of the specimens. Moreover, a 3D 
representation of the deformed shape at collapse has 
been post-processed from experimental data acquired. 
Such a procedure made a comparison between 

numerical and experimental failure mechanisms 
possible. 

Here, for the sake of conciseness, only the 
experimental results relative to series B tests are 
reported. In particular, Fig. 5 shows a comparison 
between experimental load-displacement curves and 
numerical collapse load obtained applying the upper 
bound procedure proposed. Furthermore, Fig. 6 and 
Fig. 7 show a comparison between experimental and 
numerical deformed shapes at collapse. 

For Series B SS 13 the horizontal collapse load 
reached was approximately equal to 1200 N, for Series 
B SS 10 approximately 1100 N, for Series B SS 7 
approximately 700 N (Fig. 5). 

The area involved by the cracks is restricted to the 
zone near the point of application of the horizontal 
device, because of the constraint conditions (Figs. 6 
and 7).  

The reliability of the numerical results should be 
noted. In particular, the numerical deformed shape at 
collapse reproduces very well the out-of-plane sliding 
of the bricks in correspondence to the point of 
application of the load, see Fig. 7. 
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Fig. 6: Comparison between numerical (-a) and 
experimental (-b) collapse mechanisms, series B. 
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For the numerical analysis, a FE model with 1375 
nodes and 2592 elements has been used. A 
linearization with 44 planes for each interface between 
adjacent triangles was implemented in the FE upper 
bound limit analysis code, assuming for mortar joints 
interfaces a Mohr-Coulomb failure criterion with 
friction angle equal to 30° and cohesion equal to 0.01 
N/mm2. Such values are derived from experimental 
data collected on dry-joints. 

Finally, in Fig. 8, a comparison between experimental 
and numerical deformed shapes at collapse for series 
C walls is shown. It can be noticed that the failure 
mechanism is similar to that obtained for series B, 
except for the different position of the plastic hinges. 

 

-a 

 

-b 

Fig. 7: Series B. Detail of failure mechanism in 
correspondence of the point of application of the load 

(-a) numerical (-b) experimental. 

4 Conclusions 
In this paper, a heterogeneous upper bound FE model 
for the limit analysis of out-of-plane loaded masonry 
walls has been presented. Numerical results for three 
different series of masonry panels out-of-plane loaded 
have been compared with experimental data collected 
at the University of Calabria. Experimentation has 
been carried out with the aim of studying the collapse 
mechanisms of dry-joint masonry subjected to out-of-
plane actions (e.g. wind, earthquake, explosions). 

For all the series analyzed, FE limit analysis results fit 
well experimental data, for what concerns both failure 
mechanisms and ultimate loads. 

The comparison between experimental data and 
numerical limit analysis results underlines that reliable 
predictions of both collapse loads and failure 
mechanisms can be obtained with the numerical 
model presented. 
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Fig. 8: Comparison between numerical (-a) and 
experimental (-b) collapse mechanisms, series C. 
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