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Abstract  

In liquid chromatography, effective diffusion coefficients are important parameters for the 
rational design of stationary phases and purification schemes. Common methods for the 
quantification of hindered diffusion in chromatographic media base on the analysis of 
dynamic data from experimental observations of protein migration. In contrast, stochastically 
driven approaches utilizing static data on matrix geometry and spatial hindrance structure 
allow studying this effect for arbitrary concentration profiles at the matrix boundary. A 
cellular automaton is implemented and applied for the analysis of hindered diffusion in 
spatially structured domains. A parallel 64 bit architecture enables calculation of large and 
densely populated automata. System states are stored in octrees in order to reduce both 
computing time and memory consumption. This automaton is used to quantify the 
deceleration of diffusion processes by different domain geometries, where obstacles are 
modeled by inaccessible cells. Random hindrance geometries are generated using clipped 
Gaussian fields that share macroscopic and microscopic properties with the chromatographic 
media, such as density, porosity and connectivity, which can be identified from measurement 
data. Although based on a stochastic characterization of random media, this simulation 
approach reveals information on the dynamics of chromatographic processes. 

Keywords: Cellular automata, hindered diffusion, liquid chromatography, porous 
media, Gaussian fields. 
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1 Introduction 
Liquid chromatography is a widely applied method for 
the separation of components of a mixture. Examples 
are found in biopharmaceutical industry where 
proteins are purified or in analytical chemistry [1]. 
Improved knowledge about the involved steps will 
lead to specially tailored design of separation 
processes. Thus, the cost and time consuming task of 
process optimization for new products can be reduced.  

In-depth understanding of the overall process includes 
two different aspects. First, knowledge of the (mean) 
residence times of molecules on the surface of 
adsorbers, which results in the interaction of the solute 
molecules with the so called stationary phase [2]: 
Various models exist modeling these interactions and 
it is a current challenge to refine existing modeling, 
simulation and experimental approaches with the aim 
of quantitative prediction of biomolecule separation 
[3].  

The second aspect is the transport of solutes and the 
associated peak widening of different species through 
the chromatographic column due to diffusion and 
dispersion. However, experimental investigation of 
these micro-dynamic processes is difficult because 
this requires time-dissolved observation of peaks of a 
tracer solute in a cross-section of the material under 
investigation [1]. Recently, the use of fluorescence 
labels provides additional insight into transport 
phenomena in chromatographic media [4]. Digital 
image analysis and reconstruction methods are 
developed accordingly [5].  

Stationary phases and, consequently, purification 
schemes are characterized by the diffusion coefficients 
of the separated proteins in the media. In particular, 
the actual porous structure influences the intra-particle 
diffusion. A recent experimental approach for the 
determination of intra-particle protein diffusion 
coefficients is based on the analysis of measured 
concentration profiles [6]. This study is now 
complemented by an approach for the prediction of 
diffusion phenomena on the basis of directly 
observable properties of the inner particle geometry 
instead of rather indirect observations of intra-particle 
concentration profiles.  

Computer simulations in the interior of a spatially 
structured particle (cf. Figure 1) are applied for the 
estimation of the influence of spatial obstacles on the 
diffusion process. The porous structure can be 
characterized by directly available stereological 
characteristics, such as porosity, pore size distribution, 
pore scale and orientation. A stochastic-based 
algorithm is used to quantify the deceleration of 
diffusion processes in comparison with free diffusion. 
The adsorption and desorption of molecules at the 
pore walls can be potentially included in this 
approach. 

 
Fig. 1 Three dimensional structure of a 

chromatographic resin (2 % agarose gel) [7]. 

 

2 Cellular Automata 
Cellular automata (CA) were originally introduced by 
von Neumann and Ulan in the 1950s and provide a 
powerful instrument for modeling and investigating 
the behavior of continuous physical systems. In recent 
years, CA have become popular for the simulation of 
spatio-temporal processes, as alternative to complex 
partial differential equations. Usually, CA are systems 
in which time and space are discrete quantities. Their 
essential properties are: 

• A regular n-dimensional lattice (n=1,2,3 in 
practice). Each cell of this lattice is in one of 
a finite number of possible discrete 
elementary states. 

• A dynamic behavior that is specified by 
identical transition rules for synchronous 
updating of all cell states in the lattice in each 
time step. These cellular transition rules 
depend on the choice of an interaction 
neighborhood, i.e., the new state of a cell is 
determined on the basis of the previous states 
of specific surrounding cells. Such simple 
rules allow modeling of rather complex 
behavior. 

• A specification of the initial configuration, 
i.e. a snapshot of all cell states at t = t0 and a 
set of boundary conditions are required. 
Spatial periodic boundary conditions can be 
used to approximate infinite lattices. 

The implemented CA for the simulation and analysis 
of hindered diffusion processes bases on the three 
dimensional update rules introduced by Chopard and 
Droz [8]. In this CA, cubic cells are occupied by up to 
six diffusing particles. Hence, the number of 
occupants never exceeds the number of adjacent cells 
with shared faces. In order to avoid overfilling, the 
faces must not be crossed by more than one particle in 
each direction in any time step. The update process 
transfers all particles to adjacent cells, following 
combinatorial probability rules. The actually applied 
automaton is realized by six basic cellular update 
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patterns, namely ballistic trajectory, four symmetric 
and randomly chosen deflexions and a reflexion, as 
illustrated in Figure 2. This realization provides a 
limited complexity of the possible transition rules. The 
simulated diffusion processes are characterized by the 
probabilities of ballistic trajectory and reflexion, as 
well as the spatial and temporal discretization. 

 
2 1 1

6 1
b r

b r

x p pD
t p p

Δ + −
≈ ⋅ ⋅

Δ − +
 (1) 

Here, D  is the diffusion coefficient and xΔ and tΔ  
specify the discretization in space and time 
respectively. The four deflexion probabilities dp  are 
equal, due to symmetry, and determined by 

4 1b d rp p p+ ⋅ + = , since one of the patterns must 
always be chosen. Probabilities of adjacent cells are 
assumed independent of each other. 

  

 
Fig. 2 The update process is described by six 

probabilistic update rules. 

 

A modeling approach with discrete spatial data has 
been chosen in order to describe hindered diffusion 
processes that are governed by micro-structural 
characteristics of the medium. Obstacles need to be 
generated according to material constants that are 
determined from measurement data. The knowledge of 
the media is typically much less detailed than required 
for deterministic prediction of transport processes, 
however, random fields provide a natural description 
of resin heterogeneities. The obstacles are thus 

generated using discrete random fields and 
implemented as inaccessible cells, described in more 
detail in the following section. 

The implemented CA is used to quantify the 
deceleration of diffusion processes resulting from 
different domain geometries. Hindered diffusion 
coefficients are estimated from the simulation results 
by comparison with free diffusion. 

( ) ( )
2

2, ,c cx t D x t
t x

∂ ∂
= ⋅

∂ ∂
           (2) 

Here, c  denotes the concentrations at position x  and 
time t . Analytic solutions are known for particular 
domains, for instance the Cartesian half space given 
by 0x ≥ , initial concentration ( )0, 0c x =  and 

constant boundary concentration ( ) 0,0c t c=  ( erf  is 
the error function). 

( ) 0, 1
2 2
c xc x t erf

D t
⎛ ⎞⎛ ⎞= ⋅ −⎜ ⎟⎜ ⎟⋅ ⋅⎝ ⎠⎝ ⎠

        (3) 

 

3 Gaussian Random Fields  
Poisson densification processes are straightforward 
models for the generation of irregular spatial 
structures: Regularly shaped particles, such as 
spheroids and rectangular bars, are placed in a spatial 
region, one after the other in an independent random 
process following physical particle characteristics. 
This approach is conceptually rather simple but well 
understood. Physical properties, for instance the 
volume fraction of pore walls, are easy to incorporate 
[9]. Porous media used in liquid chromatography are, 
however, structurally more complex (see Figure 1 for 
a typical example) and, thus, require more realistic 
modeling.  

Joshi, Quiblier and Adler present an approach for the 
statistical reconstruction of random porous media, 
basing on the first two moments, namely the porosity 
and an auto-correlation function, which are 
determined by morphologic qualities [10-12]. This 
method can be supplemented by further information 
on structural and geometric properties of the micro-
structures. Moreover, this approach allows generation 
of disordered media with the desired properties in 
silico. 

We successfully apply simulative methods that are 
based on level-cuts through correlated Gaussian fields 
that are superpositions of random plane waves and 
were originally described for phase separations from 
single phase fluids [13,14]: Discrete random fields are 
obtained by clipping a stationary mean Gaussian 
random field at one or several fixed thresholds. The 
model is parameterized by the family of underlying 
covariance functions for the Gaussian field, the chosen 

reflexion
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deflexion 3 deflexion 4
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set of levels, and a vector specifying particular 
covariance parameters. 

 

3.1 Basic Definitions 

A collection of random variables that are indexed over 
a set   is called a stochastic process. 

{ }( , ) : ( , ) dX t t I + +∈ × ⊂ ×x x \ \ \    (4) 

Due to the Daniel-Kolmogorov theorem it is sufficient 
to consistently specify the joint distribution of any 
finite subset { }1 2( , ), ( , ), , ( , )nX t X t X tx x x… , thus 

for 1 2, , , m≠y x x x…  the underlying probability 

measure fulfills ( )( , ), 1,.., , ( , )iP X t i m X t=x y  

= ( )( , ), 1..,iP X t i m=x . For any stochastic process 
that contains a spatial variable x , the set (4) is called 
random field. A random field is stationary if its 
distribution remains invariant under translations of the 
index set I . For convenience the parameter t  is 
neglected in the following. 

A random vector ( )1 2, , , T
n=x x x x… is multivariate 

normal if each linear combination of random variables 
is still normally distributed. A random field ( )X x is a 

Gaussian random field if 1 2( ), ( ), , ( )mX x X x X x…  

is multivariate normal for any ix I∈ . For each random 

field the mean function ( )xμ  and the covariance 

function ( )1 2,x xρ  are defined. 

( ) ( )E X= ⎡ ⎤⎣ ⎦x xμ              (5) 

( ) ( ) ( )( )1 2 1 2, Cov ,X X=x x x xρ          (6) 

The corresponding probability density can be written 
as: 

( )
( )

( ) ( )11 1exp .
22

T
X d

f
π

−⎛ ⎞= − − ⋅ ⋅ −⎜ ⎟
⎝ ⎠

x x xμ ρ μ
ρ

   (7) 

( )X x  is a mean zero Gaussian field if the 

expectation value fulfills ( )E X x= ∀⎡ ⎤⎣ ⎦x 0 . The 

covariance of a zero mean field is then given by 

( ) ( ) ( )1 2 1 2, E X X= ⋅⎡ ⎤⎣ ⎦x x x xρ . Two fields 1X and 

2X are independent if 1 1( )X x  and 2 2( )X x  are 

independent for any i I∈x . More formal definitions 
are given in [15]. 

Gaussian processes have the advantage that the field 
distributions are completely determined by their mean 
and covariance functions (5) and (6). Any function 

( )xμ  can be the mean function of a Gaussian field, 
whereas symmetry and non-negative definiteness are 
necessary and sufficient conditions on ( )1 2,x xρ  
[16]. In this contribution, stationary Gaussian fields 
with constant mean ( )≡xμ μ  are used for modeling 

random media. Hence, ( )1 2,x xρ  is only a function 

of the difference 1 2−x x . 

 

3.2 Generation of Gaussian Fields 

Assuming stationarity, realizations of Gaussian fields 
are available that are based on spectral methods [14]. 
It is well known, that Gaussian fields with periodic 
boundaries can be calculated as finite sums over 
cosine series whose coefficients have uniformly 
distributed wavelength and amplitudes that are 
proportional to the spectral density function of the 
process. Practically, the power spectrum of a 
correlated field (see Table 1 for examples) is 
determined via Fast Fourier Transform (FFT). A field 
of independent normally distributed random numbers 
is generated and convoluted linearly. In this way it is 
transformed into the spectral domain where the 
corresponding phase spectrum is evaluated (linear 
filtering, [11]). In a second step, the correlated field is 
generated with the random phase spectrum and the 
power spectrum as required components for the 
inverse FFT back into spatial Cartesian coordinates. A 
threshold cut is performed such that the statistical 
properties of the generated field agree with preset 
values (nonlinear filtering, [11]). An alternative 
approach originally proposed in [17] includes two-
level thresholding of the correlated Gaussian field, 
which defines a volume between two isosurfaces. 

 

Tab. 1 Correlation function families 

ς  ( ), , ,λ β ςΔR x  

1: exponential ( )exp
β

λ− Δx  

2: stable ( )exp
β

λ− Δx  

3: Gaussian ( )( )2exp
β

λ− Δx  

4: power ( )1
β

λ
−

+ Δx  

5: spherical ( ) ( )3
1 3 2 2,λ λ

λ

+ ⋅ Δ ⋅ + Δ

Δ ≤

x x

x
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Typical correlation function families ( ), , ,λ β ςΔR x  

with 1 2Δ = −x x x  and scaling parameters 0,λ β> ,  
that are commonly used and implemented, are given 
in Table 1. An additional scaling parameter β ∈\  is 
added in order to improve flexibility.  

All functions ( ), , ,λ β ςΔR x  decay asymptotically 

as the ratio λΔx  tends towards infinity. However, 
they differ substantially in their form as is shown in 
Figure 3. 

 

 

Fig. 3 Correlation functions ( ), ,1,λ ςΔR x  (see Table 
1). The x-axis is logarithmically scaled. 

 

Applying the reconstruction method of Adler, the first 
two geometric characteristics, i.e. the porosityΦ  (1st 
spatial moment) and the auto-correlation function (2nd 
spatial moment) are available. The realization of these 
two moments is parameterized in our model by the 
parameter set 

( ), , , , , ,
T

Lζ μ σ λ β= Τ Τθ , ϕ α            (9) 

with 

• { }1, 2,3, 4,5ζ ∈ , the type of model family 
as shown in Table 1 

• , , 0μ σ λ > , the mean, variance and 
correlation length, respectively, of the 
Gaussian random process, as determined by 
the first two spatial moments. 

• ϕ , the rotation angles for Gaussian field 
(gyratory degrees of freedom) 

• Level-cuts: 
o : xα α∈ ≤\ single-cut 

thresholding 

o 1 2 1 2, : xα α α α∈ ≤ ≤\  two-cut 
thresholding 

The single cut can be recovered form the 
two-cut approach by settingβ = ∞ . 

• β ∈\ ,  a scaling factor 
• 0L > , the grid size 

 
The set ( )3 0, 1, 1, (0,0,0), 0.4, 1, 512 T=θ ,  is 
used, unless otherwise specified. 

 

3.3 Typical Results 

A large variety of micro-structured textures can be 
created by choosing different covariance functions R  
and thresholds α , for example to reach a predefined 
volume fraction [18]. Some examples are given in 
Figure 4. The random fields with correlation functions 

{ }2, 4ζ ∈  exhibit rather similar characteristics when 
compared to the case 1ζ =  (exponential). 

 

 
Fig. 4 Cross-sections through three-dimensional 

models of porous media with different correlation 
functions (see Table 1) and clipping thresholds α . 

The images are generated on a 512 512 512× × voxel 
grid, and accessible pores are shown in white. 

 

Figure 5 shows pore structures that are derived from 
Gaussian random fields with different thresholds. The 
granularity of the disordered material is effectively 
controlled by the correlation length λ  of the 
correlation function R . 

Random fields in three spatial dimensions generated 
for an area of 256 256 256× ×  voxels on the basis of 
Gaussian random fields with a fixed covariance 
function but different variances σ  are presented in 
Figure 6. The clipping levels are chosen such as to 
maintain a constant porosity. 
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Fig. 5 Binary-phase images of Gaussian random fields 

for different correlation lengths 2 , 1,2,3, 4i iλ = =   
(A, B, C, D). A fixed clipping threshold of α = 0.8 is 
chosen such as to maintain a porosity of Φ = 0.49. 

The voxel model has the grid size 512L=  and 
accessible pores are shown in white.  

 

Two-cut thresholing models exhibit a ribbon-like 
structure (data not shown). Hence, realizations with 
high interconnectivity are possible even for high 
porosities. Moreover, the concept of level-cut models 
can be generalized to incorporate more than two 
thresholds. 

 

4 CA Implementation 
For the quantification of system properties, CA 
simulations are performed on large lattices. Cubes of 
10243 to 40963 voxels are used in order to avoid 
boundary effects. Analyses of many realizations of the 
hindrance structures reduce the impact of the 
stochastic generation algorithm. Obstacles are only 
generated on sub-cubes of the total CA space, for 
instance with 256L = . Periodic structure generation 
allows homogeneous filling of the total space with 
disordered obstacles. 

CA are ideally suited for parallel computing, owing to 
a close correspondence to SIMD hardware. The 
computational time is significantly reduced by 
partitioning the spatial domain into cuboids. A 
versatile implementation of the CA using MPI 
communication standards is maintained for both 32 bit 
and 64 bit architectures. This allows allocation of 
10243 or more than 20000003 cells, respectively. The 
CA is implemented in C++ and follows a strict object-
oriented design. More implementation details are 
presented in [19]. 

The underlying lattice contains four different cell 
types: interior cells, obstacles, boundary, and source 
cells. In order to enable fast access and efficient 
storage of the three dimensional data, system states as 

well as obstacle, boundary and source coordinates are 
stored in separate octrees (Figure 8). The current CA 
implementation is designed for static obstacles that are 
generated during the initialization of the simulation 
process. The inaccessible cells are first marked in a 
temporary Cartesian structure which is subsequently 
traversed and translated to an obstacle octree. In the 
cell occupancy tree of the interior system states those 
cell faces are marked, that are adjacent to inaccessible 
obstacle cells, as illustrated in Figure 7. 

 
Fig. 6 Three dimensional interfaces of sample random 

fields that are generated on the basis of a Gaussian 
random field with fixed covariance function. For the 
different variances σ  (A: 3, B: 5, C: 10, D: 20), the 

corresponding clipping levels α  are determined such 
as to maintain a constant porosity Φ  of 10 %.  
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Fig. 7 Inaccessible obstacle cells are implemented as 

impermeable faces of the adjacent cells.  
(The front cube is omitted.) 

 

The storage of impermeable faces instead of 
inaccessible cells improves obstacle testing, since 
diffusing particles and interfered obstacles share the 
same octal coordinates. In contrast to the invariant 
obstacle tree, the octree for the system states is 
traversed in each update step and discarded after the 
updated occupancies are stored in a new tree. The 
source cells are randomly filled with a predefined 
density that can be chosen as a function of time. In 
order to maintain this specified density, the source 
cells need to be randomly replenished or thinned out 
previous to each update step. A data structure for the 
domain boundaries is required for the handling of 
particles which diffuse between domains and that are, 
hence, processed on different nodes. 

 

4.1 Typical Results 

All simulations were performed in Jülich on the super-
computer JUMP. The obstacles are generated on 5123 
voxels with a correlation function of Gaussian type, 
correlation length 10 and clipping levels 0.30 and 
0.35. The resulting three-dimensional hindrance 
structures are similar to that in Figure 6c. The obstacle 
storage in Cartesian coordinates costs approximately 4 
megabytes.  

 

 

 
Fig. 9 Projections of CA fillings on the z-axis after 
5000 time steps (red), and analytical solution of the 

equation for free diffusion with the effective diffusion 
coefficient (blue). 

 

 

 2nd level 

0th level

1st level

... 
d

... 

Fig. 8 Octrees represent spaces that are occupied by a juxtaposition of cubes where sizes and positions 
are powers of 2, and index a recursive decomposition of these spaces. This makes the octree structure 

ideal for efficient storage and fast access of three-dimensional data for densely populated CA. 
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At the upper boundary of the CA, a constant density 
of diffusing molecules is maintained at all times, 
whereas the lower boundary is left open. The left and 
right side, as well as the front and back are connected 
by periodic boundary conditions, respectively. An 
empty automaton is chosen as initial condition. 

This setup is applied for the simulation of 5000 time 
steps of the hindered diffusion process. The resulting 
CA fillings are projected on the z-axis, as shown in 
Figure 9. The analytical solution of the corresponding 
equation for free diffusion (Equation 3) is fitted to this 
data in order to determine the effective diffusion 
coefficient in the investigated media. 

5 Outlook 
Computer tomography combined with two- and three-
dimensional image analysis will help to gain further 
inside into the micro-structures of chromatographic 
resin. Their physical properties can be determined 
from high quality volume images. On the basis of 
discrete images, the clipping levels of correlated 
Gaussian fields can be estimated by comparing the 
observed area functions with the moments of the 
normal distribution. The various model parameters 
that are listed in Section 3.2 can be estimated for any 
suitable family of underlying covariance functions R  
of the Gaussian field. Random fields that share 
specific characteristics with real media can be used to 
generate new images. These are qualitatively 
compared with the original images in order to evaluate 
how realistic the artificial obstacles are. 

Voronoi tessellation provides an alternative concept 
for modeling random media, especially for foam-like 
structures [20]. Here the seed of an initially chosen 
kernel is propagated in fiber-like structures to space 
covering cells. The Gaussian approach that is 
presented in this contribution will be compared to the 
Voronoi approach in a future study. 

Not only metric but also topological properties, such 
as structural pore interconnectivity, surface area and 
curvature are important characteristics of porous 
media [21]. Here, Minkowsky functionals are 
promising in that they determine not only the 
connectivity but also the shape of spatial binary 
figures [22].  
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