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Abstract

A plate-gap model of a porous enzyme doped electrode cou®redporous membrane has
been proposed and analyzed. The two-dimensional-in-gpatgematical model of the plate-
gap biosensor is based on the reaction-diffusion equationtining a nonlinear term related
to the Michaelis Menten kinetics of the enzymatic reactidre developed model involves
four regions: the enzyme layer where the enzymatic reaetsowell as the mass transport by
diffusion take place, the porous membrane as well as a @fiugniting region where only
a mass transport by diffusion takes place, and a convedgiem, where the analyte concen-
tration is maintained constant. Assuming the porous mengbes the periodic media, the
homogenization process was applied to the domain of the mermaland it was modelled as
a homogeneous diffusion layer with an averaging diffusioefficient. Using numerical sim-
ulation of the biosensor action, the influence of the geomeftithe outer membrane on the
biosensor response was investigated at wide range of anadyicentrations as well as of the
reaction rates. The numerical simulation was carried omigushe finite difference technique.
The mathematical model as well as numerical solution welidatad using analytical solutions
existing for very specific cases of the model parameters b&haviour of the plate-gap biosen-
sor was compared with that of a flat electrode deposited witlyer of enzyme and covered
with the same outer membrane.
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1 Introduction 2 Principal structure of a biosensor

_ ) _ Fig. 1 shows a principal structure of a biosensor, where
Biosensors are sensing devices made up of a comiinzyme filled gaps are modelled by right quadrangular
nation of a biological entity, usually an enzyme, thaprisms of bas€a; by ¢ distributed uniformly so, that
recognizes a specific analyte and the transducer thife distance between adjacent prisms equal§de —
translates the biorecognition eventinto an electrical sigll)' a1 is the half width of the gaps, is the gap depth
nal [1, 2]. The signal is proportional to the concentragndd is the thickness of the porous membrane.
tion of the analyte. The biosensors are classified ac-
cording to the nature of the physical transducer. The
amperometric biosensors measure the faradic current
that arises on a working indicator electrode by direct Porous membrane =

electrochemical oxidation or reduction of the product

of the biochemical reaction [2, 3]. g g o | B
R I8 2| B 7 ©
=] i< = =1 =]

The amperometric biosensors are known to be reliable, & =

cheap and highly sensitive for environment, clinical ==

and industrial purposes [4]. However, amperometric 2a 2a,

biosensors possess a number of serious drawbacks. Ongg. 1 A principal structure of a plate-gap biosensor
of the main reasons restricting wider use of the biosen-

sors is a relatively short linear range of the calibration

curve. Another serious drawback is the instability owe assume that the thickness of the outer membrane as
bio-molecules. These problems can be partially solve
! wes >e pr S partiany Sov ell as the depth of the gaps of the electrode are much

by an application of an additional outer membrane o X X
y bp ess than its length. The porous membrane is assumed

the surface of a biosensor [1, 2, 4]. Due to the tec B it thick Due to th it distributi
nology of the biosensors preparation itis difficult to en ! & Uniform thickness. bue to the unitorm distribution

sure the absolutely precise geometry of the electrod@ tN€ 9aps, itis reasonable to consider only a unit con-
as well as of the membranes. The sensitivity of thg'>und Of a single gap together with the region between

biosensor response to changes in the geometry of t \@IO adjacent gaps. Because of the symmetry and the
biosensor is a new drawback. relatively great length of the gaps we consider only the

transverse section of a half of the unit.

Very recently a plate-gap model of a porous electrodEig. 2 shows the profile of a unit cell to be considered in
was proposed and Successfu"y app“ed to carbon pai‘f@.themaucal modelllng of the biochemical behaviour
based biosensors [5, 6, 7]. The plate-gap biosensd?sthe plate-gap biosensor.

appear promising for detection of glucose, galactose,

ethanol, phenol and some other substrates [8], partic-

ularly for phenol detection in waste water [9]. The y

purpose of this work was to enhance the mathematical b;‘

model of the plate-gap biosensor with the external dif- Q;

fusion limiting region and to investigate the sensitivity b,

of the biosensor response to changes in the geometry b Q
1

of the gaps as well as of the porous membrane. The
model is based on reaction-diffusion equations contain-
ing a non-linear term related to Michaelis-Menten ki-

netics of the enzymatic reaction. The developed model
involves four regions: the enzyme layer where enzyme
reaction as well as the mass transport by diffusion take N
place, the porous membrane as well as a diffusion lim- 0 a a,
iting region where only the mass transport by diffusion.. ' . .
takgs pgljace, and a co?]/vective region, vF\)/hereXthe analyt&d: 2 A profile of the unit cell of the plate-gap biosen-

concentration is maintained constant. Sor

Q

X

The simulation of the biosensor response was carridd Fig. 2,(; represents the enzyme-filled gafis,cor-

out using the finite difference technique [10]. Theresponds to the porous membrane 3dtands for the
mathematical model as well as the numerical solutioaxternal diffusion layerc = b, is the depth of the gaps,
were validated using analytical solutions existing fod = by — by is the thickness of the porous membrane
very specific cases of the model parameters. The simndd = bs — b5 is the thickness of the external diffusion
ulation results were also compared with similar expettayer. A very similar approach has been used in mod-
imental studies [5]. A satisfactory agreement betweeelling of partially blocked electrodes [11, 12] as well as
the numerical solution and experimental data has beémmodelling of biosensors with perforated and selective
obtained. membranes [13].
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3 Mathematical mode whereA is the LaplaciansS;(z,y, t) is the concentra-
ion of the substrate if;, P;(z,y,t) is the concentra-

. . i
The mathematical model of a plate-gap biosensor W'tbon of the reaction product ift;, i = 1,2.3, Vias iS

an outer porous membrane (Figs. 1 and 2) may be fofn 1 ayimal enzymatic rate arid,, is the Michaelis
mulated in a two dimensional domain consisting ma'm)éonstant

of three regions: the enzyme regitn, the region),

corresponding to the porous membrane and the regi@y |nitial conditions

Q3 of the external diffusion,
Let ©; be the closure of the corresponding open region
Q;, 1 =1,2,3,T - the electrode surface aig - the

Q1 = (0,a1) x (0,by) porous membrane/bulk solution boundary,
Q= (0,a2) x (b1, b2), (1)
Q3 = (0,a2) x (ba, bs). Iy = ([0,a1] x {0}) U ({ar } x [0,b1]) U
(lar, az] x {b1}), (5)
In the enzyme regiof; we consider the mass transport Ty = [0,a2] x {bs}.

by diffusion and the enzyme-catalysed reaction
The biosensor operation starts when the substrate of
E—E ELp ) concentratiorS, appears in the bulk solution. This is
S+E=ES—E+ () Used in the initial conditiong (= 0) [17]:

In this scheme the substrate (S) combines reversibly

with an enzyme (E) to form a complex (ES). The com-  Si(z,v,0) =0, (z,y) € Q, k=1,2,

plex then dissociates into a product (P) and the enzyme _ B

is regenerated. Assuming the quasi steady state approx- S3(@,,0) =0, (z,y) € 23\ T, (6)
imation, the concentration of the intermediate complex  93(%,¥,0) = So, (2,y) € I's,

(ES) do not change and may be neglected when simu-  p;(z,4,0) =0, (z,y) € Q;, i=1,2,3.

lating the biochemical behaviour of biosensors [1, 2].

Assuming the porous membrane as the periodic media, ) .
the homogenization process has been applied to the gd3 Boundary and matching conditions
main Q5 of the membrane [14]. After this, the porous
membrane was modelled as a diffusion layer with a
averaging diffusion coefficient.

Assumingb, = 0, the following boundary conditions
@xpress the symmetry of the biosensor:

In the homogeneous external regi@g also only the OP; 0S;
mass transport by diffusion of the substrate as wellas 5. | = 5z .., =0 Y€ [bi—1, bi],
of the product takes place. OP; d5S.
951 —Dhl —o, yelbyb], O
The thickness of the diffusion layer depends uponthe 9z le=a» 0z lz=as T

nature and intensity of flowing or stirring of the buffer ¢~ ;=123 j=2,3.
solution [15]. ¢ is inversely proportional to the inten-

sity of the stirring (e.g. rotation speed of the electrode . - ;
That diffusion layer is known as the Nernst layer. Thgrhe following boundary condition on the electrode bor:

thickness of the Nernst diffusion layer practically doe§jerrl defines the electrochemical proceks< 1, 2):
not depend upon the outer membrane thickness. In

practice, the zero thickness of the Nernst layer can not % —0, P,=0
be achieved [16]. That thickness may be minimized on Iry ’ ’ (8)
only up toé = 2 um by increasing the intensity of stir- (z,y) €Ty, k=12,

ring or flowing of the buffer solution [16].
3.1 Governing equations wheren stands for the normal direction.

The action of the biosensor, presented schematicallf’the bulk solution is well-stirred and in powerful mo-
in Figs. 1 and 2, can be described by the followingion then the diffusion layerbf < y < b3) may be
reaction-diffusion systemt (> 0) [17]: treated as the Nernst diffusion layer [11, 15]. Ac-
cording to the Nernst approach, a layer of thickness
951 _ DAS; — M’ 0 = bz — by remains unchanged with time. Away from
ot Ky + 51 3) it, the solution is in motion and is uniform in concen-

oP VinazS1 tration ¢ > 0),
—— = DiAP, _— Q
ot 1 1+K]M+Sl, (xvy)e 1
Sg(I b3 O) = S()
aS ) ) )
a—tj = DjASj, Pg(I, bg, 0) = 0, WS [O, Q/Q}. (9)
Py 4)
a—t] = D;AP;, (z,y) €y, j=2,3, On the boundary between adjacent regidhs and
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Qr+1 we define the matching conditions, directions: x andy also at the boundaries = a4, ¥y
= b;. Due to the matching conditions between adja-
p, 95k _ p.. 95k cent regions with different diffusivities, we used also
oy ly=be T T 0y lymby small step size at the boundayy= b,. We assumed,
Sk (2, b, t) = Spes1 (@, by, t), that f_arther fro_m all these peCl_Jllar _boundarles, step size
may increase in both space directiomsandy. Conse-
Dk% = Diiq OPs+1 ) (10) quently, in the direction:, an exponentially increasing
Ay ly=by, Oy ly=by step size was used to both sides fram to as and
Pi(x, b, t) = Peyy(, by, t), down to 0. In the direction, an exponentially increas-

ing step size was used form 0#g/2, from b; down to
(b2 + b3)/2, fromb; down to(b; + b;_1)/2 and from

The governing Egs. (3), (4) together with the initial (6),bj 10 (bj +bj+1)/2,j = 1,2, wherebo =0.

boundary (7)-(9) and matching (10) conditions form to-The step size in the direction of time was restricted due
gether a boundary value problem. to the nonlinear reaction term in Eq. (3), boundary con-
ditions and the geometry of the domain. In order to
achieve accurate and stable solution of the problem, at
The measured current is accepted as a response ofh& beginning of the reaction-diffusion process we em-
biosensor in an actual experiment. The current depengkoyed the restrictive condition, which is usually used
upon the flux of the reaction product at the electrodéor fully explicit schemes. Since the biosensor action
surface, i.e. on the bord&y. The densityi(¢) of the obeys the steady state assumption whes oo, it was
current at timet can be obtained explicitly from the reasonable to apply an increasing step size in the time
Faraday’s and Fick’s laws direction. The final step size was in a few orders of
magnitude higher than the first one. The digital simula-
tor has been programmed in JAVA language [20].

(2,9) € U N Qpy1, t>0, k=1,2.

3.4 Characteristics of the biosensor response

i neF a 6'P1

i(t) = (Dl/ —_— dz+

®) a2 o Oy y=0 In digital simulation, the biosensor response (steady

b gp state) time was assumed as the time when the absolute
D, / v dy+ (11) current slope value falls below a given small value nor-
0 T la=a, malized with the current value [13, 17]. In other words,
D 9“2 OP, d the timeTr needed to achieve a given dimensionless
2l 0y by )’ decay rate was used

wheren, is a number of electrons involved in a charge 7, = min {t : L |di(?)| } . i(Tr)~ 1. (13)
transfer and” is the Faraday constant. We assume, that i(t)>0 i(t) dt
the system (3)-(10) approaches steady state when ,
00, In calculations, we used= 10~°.
I = thj& i(1), (12) Assuminga; = ag > b; and the zero thickness ei-

ther of the porous membrane or of the external diffu-
Bion layer ¢ = 0 or § = 0), the mathematical model
(3)-(10) approaches to a two-compartment mathemat-
ical model of a flat two-layer amperometric biosensor
4 Numerical simulation [17]. At relatively low (So < Kj) as well as at
very high (§p > Ks) concentrations of the substrate

ey, he Wo-compariment mathematcal model can be
y y 9 P solved analytically [17].

differential equations in a domain of the complex ge-
ometry [15, 18]. Therefore, the problem was solved’he adequacy of the mathematical model (3)-(10) of
numerically using the finite difference technique [10]the plate-gap biosensor as well as of the numerical so-
To find a numerical solution of the problem we intro-lution of that problem were evaluated using known ana-
duced a bilinear discrete grid in all the directions:;y lytical solutions of the two-compartment mathematical
andt [7, 13, 19]. Using alternating direction methodmodel [17]. Acceptingt; = as = 20by, the steady state

a semi-implicit linear finite difference scheme has beehiosensor current was calculated at different values of
built as a result of the difference approximation [10]the model parameters: maximal enzymatic rgtg, .,

The resulting system of linear algebraic equations wake substrate concentratidiy (So < Kj; as well as
solved rather efficiently because of the tridiagonality o5y > K/), the gap deptle = b;, the thickness! of

the matrix of the system. the outer membrane (acceptifige 0) and the thickness

¢ of the external diffusion layer (acceptiag= 0). In

sDueeciJg)S'hlsguhbsgt;g?elegrzsd Otggﬁcgogﬁzrg;i?ggsa%f dbs(i%l the cases the relative difference between the numer-
P : P : and analytical solutions was less than 1%.

numerical solution was achieved only at very small step
size iny direction at the boundaries= 0 andy = b3.  Results of the numerical simulation obtained for the
Because of the concavity of an angle at pdint, ;) it  plate-gap biosensor were also compared with similar
was necessary to use very small step size in both spageperimental studies [5]. A satisfactory agreement be-

where [ is the steady state current of the plate-ga
biosensor.
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tween the numerical solution and experimental data has 30 T T T s
been obtained. —o—1 g
25] —o72 E;?D
Fig. 3 shows the simulated dynamics of the biosen- i E;BC
sor current at different values of the maximal enzymatic 20l N 5 WWW .
rateV,,.. and the substrate concentratitn - —a—6 Mﬂﬂf O’O,O,OfO/O*
10° . . . 1.51 W’Nio*o/ozow 1
o-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-4 ‘—/‘,7;0/0
p- L A==l =
“ / AT A 11
10%y 3 1oL . .
= 2 3 4 5 6
('\l%- 10°] EI/ v/v’v_v_v_v—v—V*Vfvafv—va-V*vafv—j c, pm
i 1001 ?/  -0-0=070-070700-0-0-0-0-0-0-0-4 Fig. 4 The normalized steady state curréntersus the
— 7/0" .\ -0-0-0-0-0-5-0-0-0-0-0-0- gap depthc = by, other parameters and notations are
w i o —5—1 —v—4] the same as in Fig. 3
SO —0o0—2 5
16° ACE/ 3 —0—6
0.0 d.S i.O ,IL.S 2.0

ts To investigate the dependence of the biosensor response

Fig. 3 The dynamics of the biosensor curréft), So:  on the width of the gaps we calculated the biosensor re-
0.01 (1-3), 1 (4-6) (MM)Va0: 0.1 (1, 4),1(2,5), 10 sponse at a constant distarfe, — a;) between two
(3,6)(mM/s),a1 =1,a3=a1 +1,b1 =4,bo=b1 +2,b3  adjacent gaps changing the half width from 0.5 to
=by + 2 (um), D1 = 100,D, = 10, D3 = 2D1 (um?/s),  5.5um. As it was mentioned above, increasing the half
Ky =1(mM) width a; of the gaps the current of the plate-gap biosen-
sor approachesthe current of the corresponding flat one.

ecause of this the steady state current of the plate-gap

losensor was normalized with the steady state current
é)lfuthe corresponding flat biosensor,

As one can see in Fig. 3 that the biosensor current
very sensitive to changes &f,,,, andSy;. Changing
values of these two parameters, the steady state curr

varies even in orders of magnitude. This is a rather or- I(a)
dinary feature of amperometric biosensors [1, 7]. I(a) = (o)’ (15)
5 Resultsof calculations wherel(a) is the steady state current calculated assum-

. . . . . ing the half widtha of the gaps] (o) is the steady state
Using numerical simulation, the influence of change fthe corresponding flat biosensor.

in the geometry of the gaps as well as of the porous
membrane on the biosensor response was investigatdelg. 5 shows the dependence of the steady state current
the plat-gap biosensor on the width of the gaps at

ifferent values oV, andSy. At very high maximal

enzymatic ratéd/;,,.. (10mM/s) (curves 3 and @)(a)

approacheg(oco) notable faster than at other values of

Vmasz- The effect of the substrate concentratiginis

fairly low.

The steady state biosensor current was calculated at
ferent values of the maximal enzymatic rafg,.. and
substrate concentraticty . Because of the high sensi-
tivity of the biosensor current to changesigf,.. and
Sp (Fig. 3) we normalized the biosensor current.

5.1 The effect of the geometry of gaps

1.0

In the model of the plate-gap biosensor (Figs. 1 and
2), the parametet (c = b;) stands for the depth of the
gaps in the electrode. Fig. 4 shows the dependence of

Ly =E=L=L=4 ==
4= -r)fm-m-ﬁ-ﬁ

0.94

0.84

the steady state biosensor current on the depffhe <7 g :2:;
biosensor responses were calculated at constant thick- — os] 3
nessd = 2 um of the porous membrane, constant thick- 0.5 —v—4
ness) = 2 um of the external diffusion layer changing 0] 7\:‘72
from 2 to 6um. In this case the steady state current was ' ‘
normalized with respect to the minimal valagof ¢ to 03%rr A A A o
be analyzed, a, um
I.(c) = I(c) (14) Fig. 5 The normalized steady state currgnversus the

1(co) width a; of gaps, other parameters and notations are the
wherel,(c) is the steady state biosensor current calcusame as in Fig. 3
lated at given depth of the gaps¢g = 2 um.

As it is possible to notice in Fig. 4, the steady state curAn increase in the width as well as in the depth of the

rent of the plate-gap biosensor is a monotonousincreagaps increases the total volume of the enzyme used in
ing functions ofc. However,I, is practically constant plate gap biosensors. Fig. 6 shows the dependence
functions ofc at high maximal enzymatic raig,,... (10 of the steady state current on the distance between the
mM/s, curves 3 and 6). gaps. The total volume of the enzyme decreases with
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increase in the distanae,. Summarizing the results is a monotonous decreasing function of the thickness
presented in Figs. 4, 5 and 6, we can conclude, that thieat relatively high values of the enzymatic activity
plate-gap biosensor is more resistant to changes in vdqV,,... > 1mM/s). I, is a slightly non-monotonous
ume of the enzyme at higher valuesiof,., ratherthan function ofd at low value ofV,,., (0.1 mM/s, curves

at lower ones. 1 and 4). Fig. 7 shows, that the plate-gap biosensor is
more resistant to changes in the thickness of the outer
membrane at lower values Bf, .. rather than at higher
ones.

10 . . . . .
093\,
082
0.734
06

— 05
0.4
03
02
01

The maximal enzymatic rat€,,,, actually is a prod-
uct of two parameters: the catalytical constdtt,,
and the total concentratial; of the enzyme [1, 2]. In
real applications of biosensors it usually is impossible
to modify the K., part. The maximal rat&,,,, might

be modified by changing the concentratiéh of the
enzyme in the enzyme layet/,.... is relative to total
enzyme used in a biosensor.

Fig. 6 The normalized steady state currgnversus the To investigate the dependence of the biosensor response

half distance:, between centers of adjacent gaps, othesn the diffusivityD, of the outer porous membrane, the

parameters and notations are the same as in Fig. 3 current was normalized with respect to the diffusivity
D, of the species in the enzyme,

I(D
5.2 Theeffect of the porous membrane In(D) = (D) (17)

Using numerical simulation, the influence of the thick-
ness and of the permeability (porosity) of the outewherelI(D) is the steady state biosensor current calcu-
porous membrane on the biosensor current was invdsted at given diffusivityD of the species in the outer

tigated. In terms of the mathematical model (3)-(10)membrane. Results of the calculations are depicted in
the permeability as well as the porosity is expressed Wyig. 8, where one can see, that the effect of the diffusiv-
the diffusion coefficienDs. ity D notably depends on the maximal enzymatic rate

To investigate the effect of the thicknessf the mem- Vinaz-
brane on the biosensor response, the steady state cur-

rent of the biosensor having the outer membrane was 8 e i ittt
normalized with the steady state current of the corre- 08 0T {,,‘/{‘/«:\»fv\”““’r
sponding biosensor having no outer membrane, 07 O/O/O ,‘/ﬁ,,‘,::\/<‘”“/\ o1
A7
1(d) ok A 2
1a(d) = Ty (16) oal /7 .
03 A 5
wherel(d) is the steady state biosensor current calcu- 02 /‘“ —I-6
lated at given thicknessof the outer membrane. 01 b A ™ »
Fig. 7 shows the dependence of the steady state biosen- D, um
sor current on the thicknegsof the outer porous mem- Fig. 8 The normalized steady state currépt versus
brane. the diffusivity D, of the porous membrane, other pa-

rameters and notations are the same as in Fig. 3

o N
08 \O\O\ Although the shapes of curves in Fig. 8 notable differ
07 & %o from those in Fig. 7, the effect of the diffusivity, of

_o 08 Y Ny O~o—0_, the membrane is very similar to that of the membrane
05 N 5 om0 thicknessi. A decrease in diffusivityD, influences the
ot BTN steady state current similarly to the increase in thick-
ol 02 I~ g nessd of the membrane. To show the similarities more
o1 3 ' ' : : == apparent, the normalized steady state curigniFig.

0 1 2 3 4 5 6 7) was replotted in Fig. 9 as a function of the inverse

d, um thicknessl/d of the outer membrane. The shapes of

Fig. 7 The normalized steady state currEnversus the Ccurves in Fig. 9 are approximately the same as in Fig.
the thicknessl of the porous membrane, other parame8.
ters and notations are the same as in Fig. 3

6 Concluding remarks

One can see in Fig. 7, that the normalized steadVhe mathematical model (3)-(10) of the operation of the
state currenf (as well as the non-normalized ofig amperometric plate-gap biosensor with an outer porous
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