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Abstract  

We recently presented a method for constructing realistic three-dimensional numerical models 
of irregularly shaped cells from their cross-section fluorescence images. The model enables 
the calculation of the steady-state value of the induced transmembrane voltage (ITV) on the 
same cells on which an experiment was carried out. This model was now extended to allow 
also the calculation of dynamic changes of the ITV. The results of calculations were first 
verified by comparison to the dynamic analytical solution for the ITV on a spherical cell, and 
a good agreement was obtained. To model the process of electroporation, the model was 
modified to allow also the changes of electric conductivity of the cell membrane. The 
calculations were performed on a model of a spherical and an irregularly shaped cell. In both 
cases, a time dependent increase of membrane conductivity was observed, but only in the 
regions of the membrane where ITV exceeded a threshold value. In the regions of elevated 
membrane conductivity the ITV decreased with time and its spatial distribution was changed, 
and these changes are in agreement with literature. The regions of increased membrane 
conductivity, calculated for the model of irregularly shaped cell, corresponded to 
experimentally observed regions of molecular transport. Both models, the dynamic model of 
the ITV and the model of electroporation, can be exploited further to study the behavior of 
more complicated cell systems. 

Keywords: finite elements modeling, induced transmembrane voltage, irregularly 
shaped cells, electroporation  
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1 Introduction 

When a cell is exposed to a short and sufficiently 
strong external electric field, a transient increase in 
membrane permeability occurs - a phenomenon 
termed electropermeabilization or electroporation. 
This allows the introduction of ions and small 
molecules (e.g. drugs, fragments of DNA…), which 
are impermeant for the intact membrane, to enter the 
cells [1, 2].  
 

It was shown experimentally that electroporation 
occurs in those regions of the membrane where the 
transmembrane voltage induced by the external 
electric field (ITV) is the highest [3]. In order to 
obtain an efficient cell electroporation it is therefore 
important to determine the distribution of the ITV on 
the cell membrane. The distribution of the ITV can be 
of interest also in other theoretical and experimental 
settings besides electroporation, for example, for the 
activation of voltage-dependent membrane channels.  
 

For cells of simple geometrical shapes, such as 
spheres and ellipsoids, the analytical solution for ITV 
can be derived. For example, for a spherical cell with 
radius R, exposed to a step turn-on of a DC electric 
field, the analytical solution for the ITV reads [4, 5]: 

( )( )/( ) cos 1 e t
sITV t f ER τθ −= − ,  (1) 

Here, θ is the angle between the direction of the 
applied electric field E and the normal from the center 
of the cell to the point of interest on the cell surface, t 
denotes the time from the turn-on of the field. The 
function fS and the time constant τ are given by: 
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with cm the membrane capacitance, d the membrane 
thickness, and λi, λm, λo the conductivities of the 
cytoplasm, cell membrane, and extracellular medium, 
respectively. Similar analytical solutions for ITV were 
also derived for spheroidal cells [6, 7]. 

However, for realistic cells, which have more 
complicated shapes, the analytical solution is not 
attainable and the ITV can only be determined 
experimentally [3, 8, 9] or numerically [9-12]. We 
recently developed a method for constructing realistic 
finite elements models of cells of irregular shapes and 
clusters of such cells [9, 13]. These models were used 
to calculate the ITV, but the results were only valid for 
the steady-state conditions. As such, these models 
were also not appropriate for modeling the process of 

electroporation. Here, we present an extension of this 
steady-state numerical model, which enables the 
calculation of dynamic changes of ITV on cells of 
irregular shape. Besides, the model of electroporation 
is also presented.  

2 Materials and Methods 

2.1 Construction of a realistic 3D numerical model 
of a cell 

Three-dimensional model of an irregularly shaped cell 
was constructed from a sequence of microscopic 
fluorescence images representing cross-sections of a 
Chinese Hamster Ovary (CHO) cell attached to the 
cover glass. A detailed description of the model 
construction can be found in [9]. Briefly, fluorescence 
images were obtained by staining the cell with a 
fluorescent dye Di-8-ANEPPS. The images, acquired 
with a CCD camera (VisiCam 1280, Visitron, 
Germany) mounted on a fluorescence microscope 
(AxioVert 200, Zeiss, Germany), were processed to 
obtain contours of the cell edges. The contours were 
transformed to solid planes, combined into a 3D 
object and imported to the COMSOL workspace 
(COMSOL Inc., Burlington, MA, USA) (Fig. 1). 
 

A         B 

 
 
Fig. 1 Numerical model of an attached CHO cell. (A) 
The three-dimensional geometry of the model of a cell 
constructed from four parallel horizontal cross-
sections. The model of a cell is placed at the bottom of 
the cube to mimic the cell attached to coverglass. The 
dimensions of the box were 79×79×38 µm. The grey-
shaded faces are the electrodes, one set to 7.9 V and 
the other to the ground (electric field 1000 V/cm). (B) 
Different side views of the model. 

2.2 Settings of the model and calculations of the 
induced transmembrane voltage 

The calculations were performed in COMSOL using 
the electric currents, transient analysis application 
mode. The conductivity of the cell interior was set to 
0.3 S/m and that of the cell exterior to 0.14 S/m [5, 9]. 
The opposite vertical faces of the block were modeled 
as electrodes, which was done by assigning a fixed 
electric potential to each of these faces. One electrode 
was set to 7.9 V and the other to the ground to obtain 
the electric field of 1000 V/cm, which was the field 
used in the experiments (see below). The remaining 
faces of the block were modeled as insulating.  

After the mesh was generated, the electric potential φ 
was computed using finite elements method with 
COMSOL 3.1 (direct SPOOLES solver was used), by  

Proc. EUROSIM 2007 (B. Zupančič, R. Karba, S. Blažič) 9-13 Sept. 2007, Ljubljana, Slovenia

ISBN 978-3-901608-32-2 2 Copyright © 2007 EUROSIM / SLOSIM



solving the equation:  

( )0( ) 0r t
λ ϕ ε ε ϕ

∂
−∇ ∇ − ∇ ∇ =

∂
⎛ ⎞
⎜ ⎟
⎝ ⎠

. (4) 

In the above equation, ε0 is dielectric permittivity of 
the vacuum, εr is relative dielectric permittivity, and λ 
is conductivity. The ITV was then calculated as the 
difference between electric potentials on both sides of 
the membrane: ITV(t) = φi(t) - φo(t) and plotted as a 
function of the arc length.  

2.3 Modeling the cell membrane 

Direct incorporation of a realistic cell membrane into 
the model is difficult. If the events inside the 
membrane are not of interest, the membrane can be 
replaced by a surface to which a boundary condition is 
assigned [9]:  

( ) ( )
( ) mm o i o i

d d t
J t

ελ ϕ ϕ ϕ ϕ

∂

− ∂ −
= + .  (5) 

Here, J is the current density, λm is the  membrane 
conductivity, d is the membrane thickness, εm is the 
dielectric permittivity of the membrane and φo, φi are 
the electric potentials at the outer and inner surface of 
the membrane, respectively. In a model constructed in 
this way, the mesh of finite elements is generated 
without difficulty, as very small elements 
corresponding to the membrane are avoided (Fig. 2) 
[9]. 
A    B 

   
 
Fig. 2 Comparison of mesh of finite elements for a 
model of a spherical cell with radius 10 µm.  A cross-
section through the center of the cell is shown. (A) 
Membrane with thickness of 0.3 µm was incorporated 
in the model, which is still about 70 times thicker than 
the real membrane. Number of mesh elements was 
199000. (B) Membrane was modeled as a boundary 
condition. Number of mesh elements was 3746. More 
details can be found in [9]. 

2.4 Model of electroporation 

It was shown experimentally that during 
electroporation, the membrane conductivity in the 
electroporated regions increases by several orders of 
magnitude [3, 14]. Besides, electroporation occurs 
predominantly in the regions of the membrane where 
the absolute value of ITV exceeds some threshold 
value [3]. Therefore, we modeled the course of 
electroporation by changing the  conductivity of the 

membrane (λm) in the regions of the membrane where 
ITV exceeded a threshold value (set at 450 mV – 
unpublished data). Besides ITV, λm depends also on 
time and both functional dependencies can be 
arbitrarily chosen. In our case, the dependence of λm 
on ITV was approximated with a sigmoidal function, 
while the time dependence of λm was approximated 
with an exponential rise to maximum: 
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Here, λ0 is the conductivity of the intact membrane 
(3×10-7 S/m [5]), τ is the arbitrarily chosen time 
constant of the λm increase (5 μs), λEP is the 
conductivity of the electroporated membrane (7×10-4 

S/m), ITVc is the critical ITV where electroporation 
occurs (450 mV) and b is the parameter determining 
the slope of the sigmoidal increase of λm with ITV 
(0.03). The changes in λm during the field exposure 
were modeled as irreversible, so that λm either 
increased or remained constant. We should note that 
the actual functional dependence of λm on ITV and 
time is not known precisely. The selected functions 
were therefore chosen as they are simple enough not 
to cause numerical errors in the Comsol. They can be 
replaced with more appropriate functions if 
experimental data are available or if the exact 
analytical expression is derived.  

2.5 Monitoring the course of electroporation 

Chinese hamster ovary cells (CHO) were grown on 
cover glasses in culture medium (F-12, Sigma, Saint 
Louis, USA). When cells attached to the glass (approx 
12 hours after plating) the medium was replaced by a 
pulsing buffer [9], which contained 100 μM of 
membrane-impermeant fluorescent dye Propidium 
Iodide (PI, Sigma, Saint Louis, USA). Cells were then 
exposed to a 400 V, 200 μs electroporating pulse 
delivered to the parallel electrodes with a 4 mm 
distance between them (1000 V/cm). The fluorescence 
of the dye increased considerably after entering the 
electroporated cell, which was detected with an 
imaging system described in Section 2.1.  

3 Results and discussion 

3.1 Time course of transmembrane voltage induced 
on a spherical cell 

The model was first validated by a comparison of the 
ITV calculated on a model of a spherical cell, with the 
analytical solution. The spatial distribution of the 
electric potential in the model at different times after 
the onset of the external electric field (1000 V/cm) is 
shown in Fig. 3A. From these results the ITV was 
determined as the difference between potentials on 
both sides of the membrane (ITV(t) = φi(t) – φo(t); Fig. 
3B). The calculations show that after a step change of 
the electric field, the ITV gradually forms across the 
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Fig. 3 (A) The calculated distribution of the electric potential around and inside a spherical cell in the x-y plane 
crossing the center of the cell. The black curves are the equipotentials, the arrow marks the path along which the 
potential was measured. The scale is in volts. (B) Corresponding time courses of ITV. R = 10 μm, d = 5 nm, λo = 
0.14 S/m, λi = 0.3 S/m, λm = 3×10-7 S/m, εm = 4.4×10-11 As/Vm, εo= εi = 7.1×10-10 As/Vm (values taken from [5, 
9], E = 1000 V/cm. 
 
cell membrane and reaches its steady state value after 
a few microseconds. The calculated ITV was then 
compared to the analytically derived (Eq. 1), and a 
good agreement was obtained (Fig. 4).  

3.2 Modeling electroporation 

To model the course of electroporation, the model was 
modified in order to allow the changes in the electric 
conductivity of the cell membrane. Namely, it was 
shown experimentally that electroporation is 
accompanied by an increase in the membrane 
conductivity, and this increase was observed only in 
the regions of the membrane where the absolute value 
of ITV exceeded a threshold value (in our case 450 
mV) [3]. We first modeled electroporation for the case 
of a spherical cell exposed to 1000 V/cm. Changes in 
membrane conductivity, which indicate 
electroporation, are shown in Fig. 5A and confirm the 
experimental observations, namely, the membrane 
conductivity increases with time but only in the 
regions where ITV exceeds a threshold value. The 
spatial distribution of ITV is depicted in Fig. 5B 
(black curves) and shows a time-dependent increase of 
ITV until the critical value of 450 mV is exceeded (at 
3×10-7 s), when electroporation occurs. Because at this 
point, the membrane conductivity starts to rapidly 
increase (Fig. 5B, red curves), the ITV in the 
electroporated regions consequently decreases, while 

its spatial distribution deforms with respect to the 
cosine form observed on the intact membrane. The 
calculated time course of ITV during electroporation, 
which is shown in Fig. 5B (black curves) is similar to 
the ITV, which was measured by Hibino and co-
workers by using a fast imaging system and a 
potentiometric fluorescent dye [3].  

 
Fig. 4 Time course of transmembrane voltage 
inducement. Line presents the analytically calculated 
ITV (Eq. 1, cos θ = 0), while the symbols are 
numerically calculated ITV (see Fig. 3). 

Next, a realistic model of an irregularly shaped cell 
was constructed (Fig. 5C and D) and similar 
calculations were performed. The time course and 
spatial distribution of electroporation and ITV are 
slightly different from those observed for a spherical 
cell, which is a consequence of different shape and 
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Fig. 5. Left column: Spherical cell. (A) A 3D presentation of the changes in membrane conductivity (λm). The 
arrow marks the path along which the ITV and λm were sampled. The scale is in S/m. (B) ITV (black) and λm 
(red) as a function of arc length. ITVC = 450 mV.   
Right column: Attached cell. (A) Changes in membrane conductivity for ITVC = 450 mV shown for x-y plane. 
The arrow marks the path along which the ITV and λm were sampled. The scale is in S/m. (B) ITV (black) and 
λm (red) as a function of arc length. Model settings are the same as in Fig. 4. 
 
orientation of both models in the electric field. The 
undulations in the spatial distribution of ITV, such as 
at time 1×10-7 s (Fig. 5D) for example, are the effect 
of the shape of the cell and do not reflect 
electroporation. These undulations show, however, 
that in applications, which require a detailed 
determination of the course of ITV on a cell 
membrane, realistic numerical models of cells, such as 
the one presented here, are necessary. 

 

3.3 Experimental monitoring of electroporation 

Irregularly shaped cell from which the model in Fig. 
5C was constructed was then used in an experiment. 
This is the advantage of the method of model 
construction [9, 13], because it allows a direct 
comparison of experiments with calculations. The cell 
in our case was exposed to a high voltage 
electroporation pulse (1000 V/cm) and the transport of 
molecules through electroporated cell membrane was 
monitored. Figure 6 is a time sequence of fluorescence 
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images showing the transport of fluorescent molecules 
through electroporated regions of the membrane. The 
regions where the transport of molecules occurred 
correspond to the calculated regions of increased 
membrane conductivity (cf. Figs. 5C, and 6A). We 
should note, however, that the time scale is different. 
Namely, changes of membrane conductivity occur 
within microseconds after the onset of the electric 
pulse, while the transport, also in part limited by the 
sensitivity of the imaging camera, can not be detected 
earlier then several miliseconds after the pulse. 
Whether molecular transport starts simultaneously 
with the increase of membrane conductivity remains 
to be elucidated. 

A 

    
B 

     
C 

 
 
Fig. 6. Monitoring cell electroporation (A) 100 ms, 
(B) 1500 ms, and (C) 3 min after pulse delivery. The 
cell was exposed to a single 400 V (1000 V/cm) 
rectangular pulse (200 µs). To visualize the 
electroporated regions Propidium Iodide was added to 
suspension before the pulse was applied. The bar in 
Fig. A corresponds to 10 µm. 

4 Conclusions 

A dynamic model of transmembrane voltage 
inducement and electroporation was presented, which 
is an extension of the recently published steady-state 
model. A good agreement was obtained between the 
calculated time course of ITV and the analytical 
solution for a spherical cell, confirming the validity of 
the model. Electroporation was modeled by changing 

the electric conductivity of the membrane. The 
calculations performed on spherical and irregularly 
shaped cell showed a time dependent increase in 
membrane conductivity, but only in the regions of the 
membrane where ITV exceeded a threshold value. 
Consequently, the spatial distribution of ITV in these 
regions deformed and decreased with time, as reported 
also in literature. The regions of increased membrane 
conductivity, calculated for an irregularly shaped cell, 
corresponded to the experimentally observed regions 
of molecular transport on the same cell. Whether the 
transport starts simultaneously with the change of 
membrane conductivity remains to be elucidated. Both 
models presented here - the dynamic model of the ITV 
and the model of electroporation - can be exploited 
further to study the behavior of more complicated cell 
systems, such as several irregularly shaped cells in 
contact, in response to electric field exposure.    
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