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Abstract

In the paper is presented an overview of the research in mathematical modeling in agriculture
and a mathematical model for crop planning which includes climate risk, market risk and
environmental risk. The model is a multi-objective stochastic programming model that
contains two types of levels for the application of fertilizers/pesticides: a maximum
admissible level and a desirable level. It is based on portfolio theory. The above mentioned
levels are introduced in order to find crop plans that comply to environmental constraints. The
model considers penalties proportional to the overcoming of the desirable environmental
levels and several classes of land quality. Safety-first type constraints on the quantity of crops
are considered. If they are approximated with the help of empirical distribution functions of
the crop yields then one obtains a problem with cardinality type constraints. The land
productivity coefficients are random variables that incorporate weather risks. The crops
market prices are random variables that incorporate the market risk. Simulations starting from
the historical data or from scenarios randomly generated on land productivity coefficients and
crops market prices are performed. Several variants and special cases of the multi-objective
model are formulated: the minimum environmental risk problem, the minimum financial risk
problem and the maximum return problem.

Keywords: sustainable agriculture, mathematical models, crop planning, risk, portfolio
theory, multiobjective programming model.
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1 Mathematical models

agriculture

applied in

Agricultural production is vital for a nation's security
and for its economic welfare. It is subjected to various
risks. We mention here a few of them: weather risks,
pests risks, diseases risks, market risks, the interaction
of technology with other farm and management
characteristics risks, genetics risks, machinery
efficiency risk and the quality of inputs risks.

Increasingly, farmers almost the world over are being
exposed to unpredictable competitive markets for
inputs and outputs, so that price or market risk is often
significant and may increase over time. Market risk
includes the risks generated by the unpredictable
currency exchange rates.

Sound planning determines a favorable outcome or
yield for the farmer and mitigation of the risks.

The great majority of the problems connected to
sustainable agriculture have a multi-criteria character.
The concept of sustainable agriculture supposes
harmonization or simultaneous realization of the
objectives connected to economic growth and
environment.

The uncertainty from the agriculture problems is
modeled with the help of probability theory. Many of
the practical problems that occur in agriculture are

ations of portfolio theory to biodiversity conservation
were studied in Figge [3]. For other references
regarding applications of portfolio theory to
agriculture see Radulescu [8].

2 A crop planning model for sustainable
agriculture

In the following is formulated a stochastic
programming model with multiple objectives and
mixed variables, that is continuous variables (real
variables) and integer variables for crop planning in
agriculture. The model takes into account weather
risks, market risks and environmental risks. Input data
include historical land productivity data for various
crops and soil types and yield response to
fertilizer/pesticide application. Some special cases of
the model are discussed.

The application of fertilizers/pesticides is desirable
since they contribute to the growth of agricultural
production. On the other side the application of
fertilizers/pesticides in great quantities, over some
levels bring damages to environment and human
health.

In order to protect the environment and of course the
people’s health one considers two kinds of levels:
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stochastic programming problems
objectives.

with multiple

In practice, in the process of mathematical modeling,
one cannot take into account all the factors that have
an impact to agricultural production. The number of
such factors is large and the growth of their number
determines the rapid growth of the complexity of the
models.

Among the mathematical models applied in
agriculture one can quote prediction models, crop
planning models, optimal selection of

fertilizer/pesticide models, crop rotation models etc.

An important mathematical instrument which was
successfully applied to modeling the problems from
agriculture was portfolio theory. The above mentioned
theory was developed as a result of the research in the
domain of financial management. The application of
portfolio theory for finding an optimal allocation of
agricultural land is popular in the literature. In
Newbery and Stiglitz [7], Schaefer [11], Hardaker [4],
Hazell and Norton [5] and Blank [1] were presented or
applied various variants of portfolio theory to the land
allocation decisions. In Collender [2], Romero [9],
[10], were studied several models for resources
allocation in agriculture that are taking into account
specific risks. Mathematical models that take into
account farmers decisions and climate change were
studied in Lewandrowski and Brazee [6]. Applic

desirable levels and maximum admissible levels for
the application of fertilizers/pesticides.

Consider a farm which has an agricultural land
divided into several plots. Let P, P,,...,P, be the plots
from the farm’s land. We consider that if a plot is
cultivated then it is cultivated with the same crop.
Also we consider that the soil quality of a plot is
homogeneous. Denote by S; the area of the plot P,

=1, 2,..., m. We consider that the farmer have to
choose a crop plan from n crops C,,C,,...C,. In

order to obtain high yields the farmer uses
fertilizers/pesticides. Denote by k the number of
fertilizers and pesticides used by the farmer. For the
fertilizer/pesticide r denote by q,;, (respectively Q,;, )

the desirable level for the application of the
fertilizer/pesticide r for a quantity of one unit of crop
C, (respectively the maximum admissible level for

the application of the fertilizer/pesticide r for a
quantity of one unit of crop C;). Obvious

0<0y <0y . Let Ji
intervals [0, Oir], that is:
Ji :[Os%n]x[O’inz]x~~-x[0’%ik]-

Consider the probability space (Q,K, P). Denote

be the cartesian product of
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I ={1,2,..,n},3 ={1,2,...,m}, K={12,..k}.
every iel, jeJ we define the plot productivity
:QxJ; >R,

functions b, : Q@ — R, . Thus if q is a vector from J;

For

functions  c; and the market price
then the function w — c; (,q) is a random variable.
Analogous all the functions b; are random variables.
Cj ( ,q) represents the quantity of crop C,; that can
be produced on a unit area of plot P,and b; the

market price for a quantity of one unit of cropC;. Let

a;j be the sum of money used by the farmer in order to
cultivate crop C; without fertilizers/pesticides on the

plot P;.Forevery iel, jeJ, reK denote by:

- dr
fertilizer/pesticide r

- the cost of a quantity of one unit from the

- C; - the plot productivity coefficient, that is the
quantity of crop C; obtained from one unit area of
plot P,
fertilizer/pesticide r is used.

when a quantity of one wunit of
Cijo the quantity of crop C; that it is obtained from

one unit of area of plot P
- Wy, - the penalization coefficient for overcoming the

desirable level Q;;, .

- Y;r - the decision variable representing the quantity

of fertilizer/pesticide r used for the cultivation of one
unit area of plot P;with crop C;. Denote
yi = (yijlﬂ Yiizo-+» Yijk )

- X; - the decision variable that takes the value 1 if
the crop C; is cultivated on plot P;and takes value

zero if the crop C; is not cultivated on the plot P;.

- [M,,M,] the range for the sum of money available
for investment

- Q, the inferior bound for the yield of crop C,
necessary to be obtained

- &; asafety coefficient for obtaining at least the yield
Q, of crop C;

The yield of crop C; obtained from the plot P; when

the decisions are given by the matrices x = (xij) and

Y z(yij19yij2""’yijk)’ iel,

K
X; S [Cijo + Z Ciir Yijr j .
r=1

jeld is equal to
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Take y;, =1 forevery iel, jeJ.

The vyield of crop C, 1is equal to
mk

chijr j uyur > .

j=1 r=0

In the model we consider safety-first type constraints
on the crop yields.

More precisely we demand that the probability that the
yield of crop C; is greater than Q;, is greater than

1—¢,. This condition is mathematically written as

F{iicur S X|J yur = Q,J 2 I—Si

j=1 r=0

The cost of applying the allocation X = (Xij ) of crops

to plots and the application plans for
fertilizers/pesticides y= (y i ), where
Yi =(yijl,yij2,...,yijk), el,jed is equal to

o(u.y) -3 3o $ S s |

i=l j=1 i=l j=1

n

The restrictions inj <1, jeJshow that every plot
i=l

is cultivated with at most one crop.

In our model we shall make the following assumption:

C ( IJO +ZCIJF r

q = (qla qz 9oy qk)

The return (respectively the expected return) obtained
when the decision matrices x and y are used is equal
to

where

n

m Kk
zzbl ijr Ij Jyur

(respectively)
i=l j=1 r=0
n m k
ZZE(bIC,")xU i Yiir
i1 1 10
For every i,ael,jped, r,yeK denote

pijraﬁv = |.b|C|eraCa[5yJ ElblcurJ lbacaﬁyl

Then the variance of the return is

Var(y(.x.y))=
=222

i=1 j=1 r=0 a=1

equal to

m k
Z Z Pirasy Xii Xap Yie Yop, S 1S The
p=1 y=0

variance of the return has the meaning of financial
risk. Denote by t, the positive part of the real number
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3 The minimum environmental risk
problem

It +t

t, that is: t, :T:max(t,()). The environmental

n m Kk
S In the frame of this problem the farmer tries to find an
k 1t fx,y)= w. (v. —q. ! s p (
risk is equal to f,(x.y) ZZZ ”'(y"' q'") optimal allocation of crops to plots and an optimal
plan for fertilizer and pesticide application that
minimize the environmental risk taking into account
that

i=l j=1 r=l
One can easily see that there exists a penalization
proportional to the amount of fertilizer/pesticide
applied in excess over the desirable level.

The environmental risk is a nonsmooth function of - the financial risk, that is Var(y(,x,y)), is smaller

y= (yij), where y; = (ym:yijza---» Vi )’ icl,jeld than a prescribed level 1
The farmer intends to obtain optimal production plans ~ the expected refurn is greater than a given level W
that minimize the environmental penalizations, - the cost of cultivation and application of the
minimize the financial risk and maximize the expected  fertilizers and pesticides lies in the range [M M,
return. According to the above requirements the

multiobjective stochastic programming model for the - the probability that the yield of crop C; is greater

crop planning is the following: than Q, , is greater than 1—¢,

min(zn: Zm: Zk’, Wi (Vi =y )J mil{ in iiwur(ym ~q, l]

i=1 j=1r=0

M, Sg(x,y)s M, o |

o, & P(;gcllf(‘)ijuyurZQ.]ZI—SUIG|
P chur() J IJyIJr _Q Zl_gi’IEI 0< ijr S(:12|rxljv|€| JEJ rekK

j=1 r=0
0= Yy <Quxy.lel.jed.rek > x; <1, for every jeJ,

i=1

n ' x; e{olfiel, jel

X; <1, forevery jeJ, i I

i=1

. . With an introduction of some additional variables the
X G{O,l},le l,jel

objective map can be transformed in a linear map.
Thus the minimum environmental risk problem is
equivalent to the following problem with safety-first
constraints:

If the above safety-first constraints are approximated
with the help of empirical distribution functions of the
crop yields, we obtain cardinality type constraints.

n m k
Mathematical programming problems with the above min{ZZZWi- Z; J
mentioned constraints are very difficult to solve. i v
Recently, simulation-based methods and heuristic Yiir = Qir < Zije

algorithms have been successfully used for solving Var(y(,x,y))<t
such problems. In our paper we investigate several ok
approaches in order to solve the problems with safety- ZZ;Z; ( i IJT}<'JSJyIJV W
first constraints. Some numerical results obtained b ooy
4 MISQ(X>Y)<M2

computer simulation are discussed.

k
We consider several particular cases of the above P(ZZ%(')S,X.,VWZQ.]ZI—S.JG'

stochastic programming model for the crop planning. -
prog & PP g 0=y <Oy X,iel, jed,rek

More precisely we shall consider a minimum n
environmental risk problem, a maximum return Z j <1, for every jeJ,
problem and a minimum return risk problem. -

ielolhz, >0iel, jel

Recall that the land productivity coefficients c;, are

random variables. They incorporate the weather risks.
Historical data on productivity coefficients, that is the
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numbers C;,
P.

J 9
considered as realizations of the random variables

= the land productivity for crop C;, plot

fertilizer/pesticide r at a moment t can be

Cjjr - The market price of crops coefficients b; are

random variables that incorporate the market risk.
Historical data on market price of crops, that is the
numbers by, = the market price for one unit of crop C;

at moment t can be considered as realizations of the
random variablesb; .

Taking into account the above things, the number

_Card{iicurks Xu yur = }

j=1 r=0

is an empirical estimation of probability that the yield
of crop C; is greater than Q;.

Here T is the number of moments of time in the time
horizon considered.

Taking into account this estimation the above
minimization problem can be transformed in a
problem with cardinality constraints.

We have obtained a very complex problem for which
simulation is a common  approach. We made
simulations for various scenarios regarding land
productivity and crop market prices. The result of the
simulations show that small land productivities (this is
the case when drought occurs), imply an intensive use
of fertilizers and pesticides, which determine high
environmental penalizations for the decisions that are
taken.

4 The maximum return problem

Denote f 3 Zk:E(l IJr )XIJ Jy'Jr
o i= l j=1 r=0
X y = Zwijr (yijr ~ Qyir )+
=1

i=1 j=1 r=l

fxy)=fi(xy)- f,(xy)

In the frame of this problem the farmer tries to find an
optimal allocation of crops to plots and an optimal
plan for fertilizer and pesticide application that
maximize the difference between the expected return
and the monetary penalization for the environmental
risk taking into account that

- the financial risk, that is Var(y(,x,y)), is smaller
than a prescribed level t

- the cost of cultivation and application of the
fertilizers and pesticides lies in the range [M,,M, ]

ISBN 978-3-901608-32-2

9-13 Sept. 2007, Ljubljana, Slovenia

- the probability that the yield of crop C; is greater
than Q,, is greater than 1—g;

m kK

P(ZZCW )8 1%, Vi ZQi]Zl_ai’iEI
=1 =0

0<yy <0y Xj,iel, jel,rek

X; <1, forevery jeJ,

jelolliel, jed

5 The minimum financial risk problem

In the frame of this problem the farmer tries to find an
optimal allocation of crops to plots and an optimal
plan for fertilizer and pesticide application that
Minimize the financial risk taking into account that

- the environmental risk is smaller than a prescribed
level

- the expected return is greater than a given level W

- the cost of cultivation and application of the
fertilizers and pesticides lies in the range [M,,M, ]

- the probability that the yield of crop C; is greater
than Q;, is greater than 1—¢;

min(Var(\v (-, X, Y)))

n m k

ZZZ ur(yur qlir)+Sn

i=1 r

= ]
N

E( i |Jr >(IJS yur =

x,y)s M,

-
Il =~
(=}

<

M= i EMB
Mx

9

R

1

[ Cllr() i IJyIjr—QiJZl_Si,iEI
j=1

Oﬁ yur S(.']2|r u’.

i)

1
Il
(=}

el,jel,rekK

>

<1, forevery jeJ,

i=1

X; e{O,l},ieI,jeJ

6 Conclusions

The instability (risk) in the agricultural production is
one of the most important problems  in the
development dynamics of the human society. Wide
fluctuations in crop output not only affect prices and
bring about sharp fluctuation in them but also results
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in wide variations in disposable income of the
farmers. The magnitude of fluctuations depends on the
nature of crop production technology, its sensitivity to
weather, economic environment, availability of
material inputs and many other factors. The present
paper proposes a multiobjective model based on
portfolio theory for an optimal crop planning. The
objectives of the model are connected to expected
return maximization, environmental risk minimization
and financial risk minimization. Starting from the
multiobjective  model three single objective
optimization problems are defined. All the problems
formulated have safety first type constraints. These
kinds of constraints are approximated with cardinality
type constraints.

The problems that are obtained are very complex and
simulation is a common approach in order to solve
them. We report some simulation results regarding the
minimum environmental risk problem.
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