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Abstract

This paper deals with a numerical solution of laminar incogspible steady flows of Newtonian
and non-Newtonian fluids. Geometrically different part$haf cardiovascular system are taken
into account, for instance bifurcations of vessels or a bgd a restricted vessel. Only channel
geometries with rigid walls are used to model previously iogred parts of the cardiovascular
system. Blood flow is considered to be Newtonian in the caseesdels of large diameters as
aorta. On the other hand, with decreasing diameter of a hdss@on-Newtonian behavior
of blood can play a significant role. One could describe thpgeblems using Navier-Stokes
equations and continuity equation (see [1]). In the case eftnian fluids one considers
constant viscosity compared to non-Newtonian fluids wheseosity varies and can depend
on the tensor of deformation. The model used for non-Newtofiuids is a variant of power-
law. In order to find numerical solution, the system of equagiis completed using artificial
compressibility method. Its principle is based on additiddrthe time derivative of pressure
divided by a specific constant into the continuity equatisee([2]). The space derivatives
are discretised using the cell centered finite volume methda arising system of ordinary
differential equations is solved using explicit multistdgunge-Kutta method with given steady
boundary conditions. This way one can find steady solutiamsfeady system. The numerical
results for two and three dimensional cases of NewtoniannamdNewtonian fluid flows in
different geometries are presented and compared.

Keywords: Finite Volume Method, Navier-Stokes equations,Newtonian fluids, Non-
Newtonian fluids, Runge-Kutta method.
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1 Introduction ter of the flow. Quantityw* is a characteristic velocity
(the speed of upstream flows) = n/p is the kinematic

-cl)—fhl(\alg\jv?g\r/\?;r?g:lgrnnounTNeg\?v?éﬁaﬁt;ﬁﬂ dzfgr]iiefgj:(rj\ :Log’\r’] viscosity,d is a length scale (the width of the channel),
ﬁh = 45/0 is the hydraulic diameter$ is the area

applications, e.g. in the biomedicine, food indUStrySection of the duct an@ is the wetted perimeter. In

chemistry, glaciology etc. Many common fluids aré,q ation (1)1 = (p, u, v)7 is the vector of solution,
non-Newtonian: paints, solutions of various polymers_-

food products. Arterial flow phenomena such as rovf = d";‘g”‘)v 1T’1||’ andF = (u,u? + p,uv)’,G =
separation, recirculation and secondary flow motion if: ¥v; v~ +p)" denote inviscid fIines(,u, v) |s*the di-
atherosclerotic vessels is of great interest, because thdB€nSionless velocity vecton = u”/ge, v = v*/qcc),
vessels present a substantial health risk and are majpfienotes the dimensionless pressyre<( p*/pqs,),
causes of mortality and morbidity in the industrialized, 'S the dimensionless time (= ¢ g /1), and g is
word. The main points of non-Newtonian behaviour ard€fined as a velocity of incoming flow{, = u”).

the ability of the fluid to shear thin or shear thicken injp the case of non-Newtonian fluids the power-|aw flu-
shear flows, the presence of non-zero normal stress diffs are considered. The dominant difference from the
ferences in shear flows, the ability of the fluid to yieldyewtonian behaviour is shear thinning or shear thick-

stress, the abl'lty of the fluid to exhibit relaxation, theening_ From Variety of power-|aw fluids we choose the
ability of the fluid to creep, see [3]. When the viscositysimplest one:

decreases with increasing shear rate, the fluid is called (e) = 2mple|"e @)
shear-thinning. In the opposite case where the viscos- ’

ity increases as the fluid is subjected to higher sheavherer is the stress tensos, = (e;;), i,5 = 1,2 is
rate, the fluid is called shear-thickening. Experimenthe strain tensor with components; = u,, e;2 =

tal tests reveal that blood exhibits non-Newtonian phezy; = (v + uy)/2, e22 = vy, |e| denotes the Eu-
nomena such as shear thinning, creep and stress relakdean norm of a tensory, is a positive constant re-
ation. In order to include all these features one can udated to the limit of generalized viscosiy, (x) when
Oldroyd-B model. Only shear thinning is considered inc — 0, r is a constant of the model. The model captures
this work. The solution of flows in branching channelghe shear thinning fluid if € (—1,0), shear thickening
and channels with bypass is important for modellindluid if » > 0, andr = 0 corresponds to the Newtonian
of blood flow in arteries. The study of blood flow in fluid. For the non-Newtonian fluids the system of 2D
large and medium arteries is a very complex task béNavier-Stokes equations and the continuity equation in
cause of the heterogeneous nature of the problem atwdo dimensional case written in the dimensionless con-
the extreme complexity of blood and arterial wall dy-servative form reads

namics. Although blood is actually a nhon-Newtonian
suspension of cells in plasma, it is reasonable to model
it as a Newtonian fluid in vessels greater than approx-
imately 0.5 mm in diameter [4]. The occurring shear
rates are in a range where non-Newtonian effects avehere R = (0, g11,921)%, S = (0,912, 922)7, gij =
only in minor significance to the flow parameters. Thi®|e|"e;;, 4,7 = 1,2 and components of;; defined
type of flow could be described by conservation laws ofbove.

mass and momentum (Navier-Stokes equations), where

the influence of exterior forces and heat exchange is notg11)= + (912)y = 2[e[ us + le[; (uy +vz) + [e|"Au
taken into account. In this case the model of a vessel ig(g21)x + (922)y = le[;(uy + vz) + 2[e[,vy + |€]"Av
a tube with rigid walls. The pulsatile character of blood 4
flow is not considered as well as the elasticity of arteridlet us stress that subindicgsand , denote partial

N R
RW: + Fe + Gy = = (Ra £ 5,) 3)

walls. derivatives with respect te andy and thatA stands
for the 2D Laplacian. At the inlet the Dirichlet bound-
2  Mathematical model ary condition for velocity vectofu, v)” is prescribed,

at the outlet the pressure value is given. On the wall the
First, one considers a non-Newtonian fluids. The noreero Dirichlet boundary conditions for the components
Newtonian fluid is the fluid in which the viscosity of velocity are used.
changes with the applied shear force. As a result, th2e
non-Newtonian fluids may not have a well-defined vis<:

cosity. At the inlet the Dirichlet boundary condition for the ve-

The generalized system of two dimensional NavierlOCity componentsu, v) = (4o, 0) is prescribed and
Stokes equations and continuity equation for incomtN® Pressure is computed by extrapolation from a do-

pressible laminar flows in conservative form is written@n. At the outlet the value of the pressure is pre-
as follows scribed byp = ps, wherep, is the dimensionless value

~ of the pressure, that is higher then the initial value of the
~ R ~ . pressure at the inlet to ensure pressure gradient. The ve-
RW, + Fy + Gy = R—eAW, R =diag|0, 1, 1]|.  |ocity components are extrapolated at the outlet. On the
(1) walls one considers the non-permeability and no-slip
where the Reynolds number definedfas= dw* /v in  conditions for the velocity and the value of the pressure
2D andRe = dpw™* /v in 3D is an important parame- is taken from inside of the domain.

1 Boundary conditions

ISBN 978-3-901608-32-2 2 Copyright © 2007 EUROSIM / SLOSIM



Proc. EUROSIM 2007 (B. Zupancic, R. Karba, S. Blazic) 9-13 Sept. 2007, Ljubljana, Slovenia

3 Numerical solution by finite volume multistage Runge-Kutta method.
method

wr. — wO
In what follows a steady state solution is considered. b I
In such a case the artificial compressibility method can w") = w9 — o, AGRW""V, r=1,....m
be used. The continuity equation is completed with the nju (’m) ’
termp, /a2, wherea? > 0. The pressure satisfies the Wi, = W;; ,m =3,

artificial equation of statep = p/4, in which p is the . o ) .
artificial density.s is the artificial compressibility, that WhereW;; denotes an approximation @f at grid point
is connected to the artificial speed of sound by relatiofw:, z;) and at a time¢ = t,,, At = t,, — ¢, is the

a = §~%, see [2]. Then system of governing equation§Me step, and
has the form o (r=1) B (r—1)
RWL] = RWL] - DWL]

R
Wit Fot+ Gy = Re (Ro +5y), ) The coefficients are; = 0.5, = 0.5,a3 = 1.0
and the termDW} is the artificial viscosity term of
whereW = (p/a? u,v)’. The equation (5) can be Jameson’s type,see [7].

rewritten in the following wa . . L
gway The numerical method is of the second order in time

W, = —(F, + @y) (6) and space. The form of residuéW;fi de_pends on the _
method used for the space discretization, which is in
where this case the finite volume method in the cell centered
. ) formulation:
F=F-—RG=G— — 7
7RG =G— 55 (7) . ) i[(Fi ) ) A (G ) 1) am]
ij = T =ty ) Ay — (G — - Tk,
F andG are inviscid fluxes defined above aftdand T Ret " Re*
S are viscous fluxes representing right hand side in the (10)
case of Newtonian or non-Newtonian fluid, see also [Bvhere F* = F,G* = G are inviscid fluxes and™ =
and [6]. (0, uz, v:)T, G¥ = (0, uy,v,)" are viscous fluxes, the

indexk corresponds to the side of a finite volume. The
artificial viscosity termDW;". depends in this case on
Eh_e second derivatives of the pressure and is used to im-
prove stability of the solution. The dissipative artificial
viscosity term is constructed as follows:

The system of equations (6) is integrated oigy (fi-
nite volume cells is shown in Fig. 1). After applying

orem on right hand side we get

1 - -
Wi |ij= —? Fdy — Gdz. (8) DW = D,W + D,W
1] JODy; DZW:di+%’j 7di7%,j
The integrals on the right hand side are numericall _
9 9 y D,W = di,j+§ - di,jfé
hivii
divd=—xs 6§ﬁ%7j(Wi+17j - Wij)
P |Dit1,; — 2pij + Pi-1,]
T pig |+ 2pig F [pi-1y
2
67y 5 = ROmaxvi v ),

wherex(? has to be chosen in order to achieve conver-
gence of the method.

In order to satisfy the stability condition the time step is
chosen as (for details see, [8]):

Fig. 1 Finite volume cell At — min CFL pij
i 22)2 2\
Lk palyL + ppAzy + Rz—e (_(A k)l:j(Ayk) )
approximated by (11)
LA pa=|t|+Vu*+1 pp=|0|+V02+1,
Wy lij=—— Y Fyjxlyx — GijrAzr. (9 | a|,| o] are the maximal values of the components of
Hij k=1 velocity vector inside the computational domain.

The system of ordinary differential equations ((9)) withThe computation is performed until the value of the L
given steady boundary conditions is then solved by theorm of residual satisfy Re 7 < €nrr With €zrr
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small enoughf/ N denotes the number of grid cells in
the computational domain), where

1 Wit — wn ?
Rez V" — iy )2
ez ( At ) (12)

4 Numerical results

In this section we present the numerical results of New-
tonian and non-Newtonian flows in different channel
geometries. First, numerical results for channels with, . 4 Velocity isolines of 2D channel for non-
one entrance and two exit parts are presented. F'gure?\lgwtonian fluids

and 3 show the fluid velocity distribution for Reynolds

number 1500 for Newtonian and non-Newtonian fluid

in a branching channel. One can observe that the ve-

locity profiles for non-Newtonian fluid are elongated

compared to Newtonian fluid. The peak values of ve-

locity seems to be higher for non-Newtonian fluid. The s
convergence history is presented. Second, numerical
results for the case with splitting outlet channels is
shown on figures 4 and 5 in the terms of the fluid veloc-
ity distribution for Reynolds number 1500. Again the
same characteristic differences can be observed as in
the previous case. Third,the three dimensional branch-
ing channel for Reynolds number 300 is shown on fig. 6
and fig. 7 for the case on non-Newtonian fluid. Fig. 6
shows axial cut in the middle of the channel while the_ o i
fig. 7 shows radial cuts in the different places along9- 4 Velocity isolines of 2D channel for Newtonian
the channel. In the same form are presented results foids
Newtonian fluid on fig. 8 and fig. 9. 3D results in the
axial cut shows slight differences compared to 2D re-
sults. Fourth, fig. 10 and fig. 11 shows the fluid ve-
locity distribution for the 3D Newtonian fluids in the
splitting channel. The history of convergence of the
residuals of the vectd’ = (p,u, v, w)? is presented.

By the symbolg the velocity magnitude is denoted,

i.e. ¢ = vu?+v?+w? Finally we present results

of Newtonian fluid flow in the channel with bypass.
Figures 12 and 13 show isolines of velocity in 3D for

Re = 500. The figure 12 shows a bypass and 13 shows

a main channel that represents a vessel. There is no
comparism with an experiment at this moment, but the
results seems to be qualitatively correct.
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0.1987
0.1080

Fig. 5 Velocity isolines of 2D channel for non-
Newtonian fluids

Fig. 2 Velocity isolines of 2D channel for Newtonian
fluids

Fig. 6 Velocity isolines of 3D channel for non-
Newtonian fluids
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Fig. 7 Velocity isolines in the cuts of 3D channel for
non-Newtonian fluids

T Toboo.

Fig. 8 Velocity isolines of 3D channel for Newtonian
fluids

Fig. 12 Velocity isolines of 3D bypass for Newtonian
fluids

Fig. 9 Velocity isolines in the cuts of 3D channel for
Newtonian fluids
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Fig. 10 Velocity isolines of 3D channel for non-
Newtonian fluids

Fig. 11 Velocity isolines of 3D channel for NewtonianFig. 13 Velocity isolines of 3D channel for Newtonian
fluids fluids

ISBN 978-3-901608-32-2 5 Copyright © 2007 EUROSIM / SLOSIM



Proc. EUROSIM 2007 (B. Zupancic, R. Karba, S. Blazic)

This work was sponsered by Research Plan MSM
6840770010 and GA AS CR No. A 100190505

5
(1]

References

R. J. LeVeque.Numerical methods for conserva-
tion laws Birghuaser Verlag, Basel, Switzerland,
1990.

[2] A. J. Chorin. A numerical method for solving in-

(3]

compressible viscous flow problemslournal of
Computational Physi¢c4.35:118-125, 1997.

K. R. Rajagopal. Mechanics of non-newtonian flu-
ids. In J. Necas G. P. Galdi, editétecent Develop-
ments in Theoretical Fluid Dynamicsumber 291

in Pitaman Research Notes in Math., pages 129—
162. Longman & Technical, Essex, 1993.

[4] T. Yamaguchi T. Taylor. Three-dimensional sim-

(5]

(6]

[7]

(8]

ulation of blood flow in an abdominal aortic
aneurysm, steady and unsteady flow cases.
Biomech. Engrg.116:89-97, 1994.

K. Kozel R. Keslerova. Numerical solution of in-
compressible laminar flows. IRAroc. The 13th In-
ternational Conference on Fluid Flow Technolo-
gies CMFF'0§ Budapest, Hungary, September
2006.

K. Kozel R. Keslerova and V. Prokop. Numeri-
cal solution of newtonian flow in bypass and non-
newtonian flow in branching channels. Pmoc. of
Programs and Algorithms of Numerical Mathemat-
ics 13 pages 137-142, Prague, Czech Republic,
May 28-31 2006. Mathematical Institute Academy
of Science of the Czech Republic.

E. Turkel A. Jameson, W. Schmidt. Numerical
solution of the euler equations by finite volume

methods using runge-kutta time-stepping schemes.

AIAA Paper 1981-1259, 14th Fluid and Plasma
Dynamic Conference, June 23-25, Palo Alto, Cal-
ifornia, 1981.

K. Kozel R. Dvorak. Mathematical Modelling in
Aerodynamics CTU Prague, Prague, Czech Re-
public, 1996.

ISBN 978-3-901608-32-2 6

9-13 Sept. 2007, Ljubljana, Slovenia

Copyright © 2007 EUROSIM / SLOSIM



