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Abstract 

In the production of the elements which are supposed to be subjected to dynamic loading 
different methods are used for proving their fatigue resistance. One of the most reliable 
methods is testing of such elements in the laboratories under conditions equal or similar to the 
real life conditions. For such tests a specially designed large scale testing machines are used 
which must generally produce a high dynamic loadings at as great frequencies as possible 
with the aim of ensuring short testing times. Therefore the elements of such machines are 
subjected to high dynamic loadings too. Besides that also the dynamic properties of the 
mechanisms used are very important and each imperfection in the design can result in 
vibrations, additional dynamic loading and in the fatigue of the machine parts. In the paper a 
design of an existing testing device is presented and the problems in its operation are 
described. For the solution of the problems the changes in the design of the machine are 
proposed. Before the application of these changes the proposed solution was confirmed by 
means of simulations. For this reason a mathematical dynamic model of a machine was 
developed and the computer program was written for the purpose of numerical integration. 
After the confirmation the proposed solution was used for enhancement of the design of the 
problematic machine. The machine is now fully operational and it operates without problems 
for several years which prove that cybernetic imperfections were eliminated effectively. 
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1 Introduction 
When more complex or larger scale real world 
applications are designed or when the imperfections in 
their operation are discovered the research of the 
behaviours under different operation load cases is an 
optimal solution. In such cases the simulation of the 
machines, mechanisms and structures under 
operational conditions is a common procedure. This 
can be seen from the examples of the recent literature 
listed below.  An example of the simulation of the 
structure of greater dimensions are dynamic 
simulations of the connection of the off-shore wind 
power farm to the 130-kV electric sub-transmission 
system which is introduced in [ 1].  An example of the 
simulation of the technological process are the 
dynamic simulations of foam displacements with a 
population-balance model incorporating bubble 
creation controlled by pressure gradient [ 2]. The 
operation of mobile jack-up drilling rigs in harsher 
ocean environments is discussed in [ 3]. A behaviour 
of the complex mechanism of the great importance is 
studied by means of a nonlinear model describing 
vibration of the landing gear relative to the fuselage in 
the literature [ 4]. 

2 The basic data 
In our case a large scale fatigue testing machine 
needed to be examined because of the dynamically 
initiated problems which were encountered during its 
operation. The main problem was that the maximal 
testing frequency achievable in practice was for about 
three times smaller than the testing frequency for 
which the machine was designed. The electric motor 
was unable to reach its nominal rotation speed, 
because of the size of the peek-loading. The solution 
with implementation of the more powerful electric 
motor was far from the optimum because of the really 
large peek-power deficit. For these reasons a research 
was initiated which is introduced in this paper. It was 
discovered that the power of the existing electric 
motor would be high enough if the flywheel of the 
right size would be built in. The mathematical 
dynamic model of the observed mechanical system 
was set up with the purpose of proving the 
effectiveness of the proposed solution and selecting 
the correct size of the flywheel. 

The input data were acquired trough the existing 
machine’s technical documentation, trough the 
inspection of the machine and by the oral presentation. 

2.1 The description of the main mechanism 

The testing machine is designed for simultaneous 
testing of two specimens of the uniform properties 
including dimensions and resistance against the 
(elastic) deformation. On the unmoveable basis of the 
machine a movable T-shaped beam is fastened (see 
Fig.  1) by means of sliding bearing in point C. The T-
shaped beam consists of two cantilevers. Both 

cantilevers are of the I-shaped cross - section which is 
the optimal choice for such a construction.  
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Fig.  1 Schematic representation of the testing 

machine 
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The T-shaped beam (T-beam) with its mass moment 
of inertia (around its axis of rotation C) and the mass 
moments of inertia of the rotating masses together 
with the testing specimens presents a slightly 
nonlinear oscillatory system. 

2.2 The values of input parameters 

The actual dimensions of the vital parts of the 
machine under consideration (see Fig.  1) are:  

a = 900 mm,  

b = 1500 mm,  

c = 700 mm,  

d = 1900 mm,  

r = 150 mm;  

500 mm ≤ XQ ≤ 1000 mm;   

300 mm ≤ YQ ≤ 400 mm;  

yC = yO = 0 mm;  

yP= -100 mm.  

The mass moment of inertia of the T-beam around the 
axes of rotation C is JT=1000 kg m2. The mass 
moment of inertia of the driving electric motor’s rotor 
is JM=0,1 kg m2. The mass moment of inertia of the 
flywheel Jfw is different for the different cases 
considered. In the case 1 where the original 
configuration of the machine without the flywheel is 
under consideration, the value is Jfw=5 kg m2 which 
represents the mass moment of inertia of the existing 
shaft on which the additional flywheel is planed to be 
mounted. In the case 2 where the machine is equipped 
with a new flywheel of the chosen size 245 kg m2 the 
value is Jfw=250 kg m2 which represents the sum of 
both values. Other values for this mass moment of 
inertia were considered too and the optimal was 
selected.   

The built in driving motor is the three-phase squirrel–
cage electric motor with the nominal power of 
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P = 15 kW at the nominal rotation velocity of 
nN = 1460 min-1. Nominal moment of the electric 
motor is 700=nM  N m, the maximal moment is 

2300max =M  N m and the starting moment of the 
electric motor is 1800=sM  N m. The rotation 
velocity of the motor is controlled by means of 
frequency inverter.  The gear of the transmission is 
i = 7 and the nominal rotation velocity of the shaft 
with the flywheel is n1 = 208.6 min-1 from which the 
nominal angular velocity 5.3=ϕ&  root/s can be 
calculated. 

The testing specimens are of different heights from 
hmin = 300 mm to hmax = 400 mm. The force - elastic 
deformation characteristics of the specimens can be 
linear, progressive or digressive and of the different 
magnitude. This characteristic must be known as an 
input data. The force necessary for the elastic 
deformation of the specimens depends also on the 
initial settings. 

3 The mathematical model 
3.1 The special positions of the mechanism 

In this section the special positions of the observed 
mechanism are presented which are important for its 
mathematical description. 

The first special position is the neutral position of the 
T-beam where the T-beam is in the horizontal position 
and therefore the angle of the deviation ψ = 0 (see 
Fig.  1 and Fig.  2). Such a position of the T-beam is 
achieved at two different positions of the crank r, 
defined by two values of angle ϕ: 
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Fig.  2 Key angles of the mechanism 

The second special position is the position of the T-
beam at the maximal deviation ψ = ψmax:  
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The third special position is the position of the T-
beam at minimal deviation ψ = ψmin:  

 o3.4min −=ψ , (  12) 

which is calculated by means of Eq. 
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The calculated minimal and maximal angles of 
deviation ψmin and ψmax are discovering the 
asymmetric nature of the oscillation of the T-beam. 

3.2 The mechanism in general position 

In this section the equations for the general position of 
the mechanism are developed. The coordinates of the 
end point A of the eccentric beam are: 

 ϕcos⋅+= rdxA , (  15) 

 ϕsin⋅= ryA . (  16) 

The coordinates of the point B where the road a is 
connected to the T-beam are:  
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The angles ψ and γ can be calculated: 
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3.3 The kinetic energy of the pendulum 

The kinetic energy of the pendulum changes during 
the swinging motion (changing of the angle ψ ). The 
maximal kinetic energy is identified at the value 

0=ψ and maxψψ && = : 
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3.4 The elastic energy of the specimens 

The specimens S1 and S2 (see Fig.  1) which are tested 
at the same time must be of the same kind an of the 
same size. They are elastically deformable for the 
great extent. Their elastic characteristics can be of the 
linear, digressive or progressive nature. The 
specimens are fastened in to the testing machine. 
When the pendulum (T-beam) is moved from the 
neutral position the work necessary for this movement 
is transferred into the potential energy in the form of 
elastic deformation of the specimens. The maximal 
potential energy occurs at maxψψ = , where the 
kinetic energy reach its minimum (zero). 

The loading moment around the point C, produced by 
forces F1 and F2 which are induced in the elastically 
deformed specimens S1 and S2 can be calculated by 
formula: 

 QxFFM ⋅−≈ )( 21 . (  24) 

The elastic forces Fi in specimens Si are defined by 
cubic polynomial: 

 3
3

2
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where F0 is the initial deformation resistance of the 
specimen in the case of the neutral position of the T-
beam and f is additional deformation of the specimen 
in the direction of compression or tension of the 
specimens which occurs when T-beam is declined. 

The distortion elastic constant of the pendulum (T-
beam + specimens) CM can be calculated from the 
elastic loading moment using the following equation: 
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This calculation is included into the developed 
software. 

3.5 The natural frequency of the mechanism 

The first natural frequency of the pendulum (T-beam 
with specimens insulated from the crankshaft r) can be 
calculated using the known moment of inertia J of the 

moving parts and the distortion elastic constant CM, 

defined by Eq. 
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3.6 The differential equation of motion 

For detailed analysis of the transient phenomena of 
starting   of   the   testing   machine   the  Eq. 
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reference to the axis O (axis of rotation of the crank r): 

( ) ( ) ϕψϕ
β
αϕ &&&&& ⋅+⋅=⋅+⋅

⋅
⋅

− inercMTobr
B

M JiJJM
R
rM 2)(

sin
sin)(

  (  28) 

where the second derivative of the angle ψ  is: 
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From the above equations the following differential 
equation of motion is derived: 
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The above Eq. 
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is suitable for the numerical solution. For numerical 
integration a bespoken computer program was written 
using Runge-Kutta method and FORTRAN 
programming language.  By this program a fast and 
accurate calculations were executed providing for the 
corresponding results. 

4 Results 
The results obtained from the computer program are in 
the form of tables. The Excel program is used for 
graphical presentation of the results. From the graphs 
so obtained a corresponding size (weight and the 
dimensions) of the flywheel is chosen and the 
effectiveness of the proposed solution is 
demonstrated. For that reason the results are shown 
for two examples of starting of the testing machine: 

• case 1: the original configuration of the 
machine  without the flywheel; 

• case 2: the machine is equipped with a new 
flywheel of the chosen size.  

In both cases presented the specimens of the same 
characteristics are used. 
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From the Fig.  3 it can be seen that the required power 
of the driving electric motor during the operation of 
the testing machine in the case 1 is changing strongly. 
During the period of acceleration of the system from 
stand still to the stationary conditions of operation a 
positive driving moment is developed reaching its 
maximum value equal to the maximal moment of the 
motor. 
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Fig.  3 The required power of the driving motor for the 

case 1 
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Fig.  4 The angular velocity of the rotation of the 

crank r for the case 1 
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Fig.  5 The angular acceleration of the rotation of the 

crank r for the case 1 

The acceleration phase is ended in less than a quarter 
of second (see also Fig.  4). After that phase a strong 
oscillation of the observed moment is encountered in 
the range from approximately the nominal power of 
the motor on one hand to the negative value of more 
than the nominal power on the other hand. That means 
that the motor is changing the mode of operation from 
the motor mode to the generator mode and back. In 
such conditions the control of the motor is almost 
impossible. The oscillations in the angular velocity of 
the rotation of the crank are clearly shown on Fig.  4 
and strong oscillation of the value of angular 
acceleration around the average (zero) value is shown 
on Fig.  5. 

Case 2 where the flywheel of an appropriate size is 
added to the mechanism is introduced by figures Fig.  
6 till Fig.  8.  On the Fig.  6 the required power during 
the acceleration is shown. In this case the acceleration 
phase is much longer than in the case 1 (see also Fig.  
7 and Fig.  8) because the driving motor must 
accelerate the masses of the basic configuration of the 
mechanism together with the additional mass inertia 
of the added flywheel. The peek power is again equal 
to the maximal power of the driving electric motor 
which is now reached after approximately 2 seconds 
of operation.  After the acceleration phase (near 3 
seconds) the oscillation of the needed power is 
encountered again. The range of oscillations is much 
smaller than in the case 1 and the electric motor is 
always in the motor mode of operation which is 
technically mach better than is the situation in the case 
of the original situation (case 1).  
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Fig.  6 The required power of the driving motor for the 

case 2 
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Fig.  7 The angular velocity of the rotation of the 

crank r for the case 2 
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Fig.  8 The angular acceleration of the rotation of the 

crank r for the case 2 

From the Fig.  7 the acceleration time around 3 
seconds is estimated and in comparison with the case 
1 (Fig.  4) a significantly smaller  oscillations of the 
rotation speed are encountered. The improvement is 
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demonstrated very clear trough the comparison of the 
angular accelerations shown on figures Fig.  5 and 
Fig.  8. The peak values are reduced from 
approximately ±100 rad/s2 to approximately ±5  rad/s2. 

In the analysis the friction in the bearings and in the 
gearbox were not considered because their influences 
were checked and estimated as no influential and 
therefore neglect able.  

The flywheel with the greater mass moment of inertia 
would ensure further improvement of the observed 
dynamic behaviours of the testing machine 
mechanism. On the other hand this would demand 
bigger dimensions of the flywheel and also stronger 
shaft and shaft’s bearings which would lead to the 
necessity of greater changes of the construction of the 
existing machine and therefore to the greater overall 
costs of modification. The flywheel of the selected 
size is convenient also because of the fact that the 
starting times of the mechanism from zero to the 
nominal rotation speed remains inside the region from 
3 to 4 seconds for all foreseeable cases of usage of the 
testing machine. This is very important when the 
heating of the driving electric motor is under the 
consideration. 

Beside the results presented above with the developed 
software also the internal forces in the individual parts 
of the observed mechanism can be determined. 
Because these forces are changing with respect to time 
a whole loading history for these elements can be 
predicted which is indispensable for modern fatigue 
calculations.  As an example the force in a connecting 
road a is shown in Fig.  9 and force in the crank r in 
Fig.  10. 
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Fig.  9 The force in the connecting road a for the 

case 1 
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Fig.  10 The force in the crank r for the case 1 

4.1 The kinetic energy of the flywheel 

The kinetic energy of the flywheel of the selected size 
in the case of rotation of the driving motor with its 
nominal angular velocity and is: 

 
2

2

,
ϕ&
⋅= fwfwk JE , (  31) 
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2
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2
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This energy is 22.9-times the maximum energy 
max,kE of the pendulum (see 

Eq.
2

2
max

maxmax,
ψ&
⋅= JEk .(  23)) and therefore the 

influence of the oscilatory motion on the overall 
motion of the mechanism is reduced for the great 
extend.  

5 Conclusion 
In the paper a usefulness of the mathematical 
simulations for solution of more complex dynamical 
problems in the every day’s engineer’s practice is 
shown. The idea of building-in an additional flywheel 
for accumulation of the kinetic energy is analyzed and 
its efficiency is proven. This idea, of course, 
represents a classical solution of such dynamical 
problems but the approach for its realization is fairly 
original. The correct size of the flywheel is chosen 
using bespoken software containing newly developed 
mathematical model, which is presented in the paper. 
The chosen solution is confirmed by simulations and 
than applied to the existing machine. The machine 
now operates without problems which prove that 
elimination of the imperfections was effective. 
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