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Abstract

Technical systems can be characterized very often as being very complex and heterogeneous.
Many simulators exist for the analysis of continuous, discrete, and hybrid systems. However,
the first modeling steps in physical domains are not yet sufficiently assisted by CAD tools.
Multi-ports and generalized KIRCHHOFFian networks proved to be powerful concepts in a
physically oriented modeling methodology. If the physical system is described by partial dif-
ferential equations, discretization algorithms are applied to construct models described by
ordinary differential equations or equivalent lumped network models. Their parametrization
can be supported by various algorithms for numerical order reduction in frequency and time
domain, symbolic and semi-symbolic analysis, approximation, and optimization which are
comprised in a tool box. Modeling languages as VHDL-AMS, Verilog-AMS, SystemC-AMS,
and Modelica will support the practical application of these approaches.
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1 Introduction

Many technical systems like integrated circuits, mi-
cro-electro-mechanical systems (MEMS), mecha-
tronic systems or distributed automation plants are
very often complex and heterogeneous systems. They
show some of the following characteristics:

e mixed-domain or “multi-physics”: mechanical,
electrical, thermal, fluidic, ... phenomena,

e partially close coupling between these domains,
side effects, cross coupling,

e distributed and lumped (concentrated) elements,

e discrete and continuous signals and systems (in
electronics: analog and digital),

e very large and stiff systems of differential equa-
tions to describe the continuous subsystems.

We will focus on continuous systems, described by
partial differential equations (PDE) or ordinary differ-
ential equations (in the special forms of ODE and
differential-algebraic systems, DAE). A lot of algo-
rithms and computer programs are available for the
numerical solution of such differential equations.
However, there is a demand for more and better assis-
tance in finding the equations which model the whole
complex system. A powerful interdisciplinary model-
ing methodology is necessary to analyze real-world
problems [11, [2], [3], [4], [5]-

2 Partitioning of complex systems

Each complex system consists of subsystems and
components with different functionalities. This “func-
tional partition” is the first approach to define a com-
plex model structure.

Fig. la shows the block structure of an electro-
mechanical system and its corresponding model struc-
ture. If the models of the subsystems are very abstract,
the simulation of the whole system with one simulator
is possible. In many applications, more detailed mod-
els must be used and, therefore, the coupling of differ-
ent simulators is necessary (Fig 1b).

A similar situation also exists in micro-structures. The
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Fig 1 Partitioning of a complex system

cross-section of an electronic component, a transistor,
is shown in Fig 2a in a very simplified form. Devices
with such geometry can be simulated with FEM simu-
lators. But, if hundreds or thousands of elements have
to be considered together, model simplification is
necessary. In Fig. 2b, the partitioning of the device
(with the result of meshing in the FEM modeling) is
shown. Fig. 2c¢ shows the more abstract model com-
posed of multi-pole elements with linear or nonlinear
behavior. Unfortunately, there are no algorithms to
construct such partitioned models automatically.

Models have to be developed for all these subsystems.
From the system simulation point-of-view, these mod-
els should be “as small as possible” to achieve a rea-
sonable simulation time with sufficient accuracy.
Detailed model description exist very often for these
subsystems (e.g., transistor net lists for electronic
circuits and partial differential equations for microme-
chanical structures) but these models are too detailed
(and, therefore, too time-consuming) to be applied in
system simulation. Models with reduced complexity

a) b)

<)

Fig. 2 Partitioning in electronic device simulation
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Fig. 3 Modeling languages for complex systems

and size have to be constructed. We will use the term
reduced order models with this general meaning and
will have a look also on special mathematical methods
for numerical model order reduction (MOR).

Another problem is the description of a mathematical
model in such a way that it can be simulated within a
simulator which allows embedding of user-defined
behavioral models. Fig. 3 shows some “modeling
languages” which can be used in the simulation of
complex systems (powerful simulators support these
languages!).

3 Different modeling methods

Various approaches exist for modeling complex sys-
tems. A possible taxonomy is shown in Fig. 4. The
methods are divided into two main approaches: physi-
cally and mathematically oriented. The first way
which is standard in many technical disciplines [6],
[7], [81, [9], [10] shall be summarized only very short
and the second one will be discussed more detailed in

the next section.
The basic approach in physically oriented modeling is:

e hierarchical partitioning of the system into subsys-

tems and further refinement into components,

modeling the components behavior (if such com-
ponent models are not available as simulator
primitives),

all component models are connected together to
build-up the model of the complete system.

Electrical circuits are often modeled as networks.
However, the network concept is not restricted to the
electrical domain. It is well-known for a long time that
this concept may be generalized to other physical
domains like mechanics or fluidics. There are some
basic requirements which have to be fulfilled by the
systems to be modeled as networks:

e Networks consist of elements (components) and

ideal links between them.
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Fig. 5 Network modeling of a mechanical sensor

e There are two kinds of quantities (variables) in
various physical domains:
flow (or through) quantities,
currents or mechanical forces;
difference (or across) quantities, e.g., electrical
voltages or fluidic pressures.

e.g., electrical

e The elements are usually described as two-poles
and multi-poles.

e The flow and difference quantities fulfill two con-
servation laws:
the sum of all difference quantities between nodes
along each closed cycle is zero;
the sum of all flow quantities into each node is
Zero.

The relation between flow and difference quantities is
mostly given as implicit (or explicit) equations or
differential equations, solely depending on the termi-
nal quantities and, possibly, internal states. The con-
servation laws are known in the electrical domain as
KIRCHHOFF’s voltage and current law. Therefore, the
general (electrical as well as non-electrical) networks
are sometimes named “generalized KIRCHHOFFian
networks” [5].

This approach is illustrated in Fig. 5. A micro-
mechanical acceleration sensor [11] is modeled by the
interconnection of very small cantilever elements for
which a behavioral model exists: a linear six-
dimensional, second-order ODE system for transla-
tional and rotational quantities in all of the three direc-
tions in space.

A more mathematically oriented modeling method
starts with the differential equations describing the
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system (or the subsystem / component) to be modeled.
In our context we will focus on ordinary differential
equations. Therefore, handling of partial differential
equations (discretization in space, geometrical mesh-
ing of 2D or 3D problems) has to be carried out with
other tools. Fortunately, many FEM simulators allow
the export of the internally generated ODEs which can
be processed in the next modeling steps.

4. Mathematical Order Reduction

Three approaches to the reduction of the order (= the
state space dimension) of the equations describing the
system have been under investigation for several years
now:

a) Linear systems of differential equations (of first or
second order) were numerically reduced by projection
methods, especially with KRYLOV subspace algo-
rithms [12], [13], [14], [15]. The systems of equations
have to be externally available, which can not be
guaranteed if commercial simulators are used.

b) Based on the result of FEM simulation in the time
or frequency domain, order reduction is possible with
methods which have their origins in model identifica-
tion for control system design [12], [13].

¢) Symbolic analysis methods calculate analytical
formulas instead of numbers to describe the system
behavior [16], [17], [18]. For the analysis of large
systems the analysis algorithms are always combined
with simplification algorithms (otherwise the resulting
equations would be so large that they could not be
handled). This is a very special way of “model reduc-
tion” which can be combined with other approaches.

4.1 Projection methods based on moment matching

In many cases, very large systems of differential equa-
tions (the dimension may be 10* or 10° or larger!)
result from FEM or FDM modeling and discretization
in space of the PDE. Furthermore, the analysis of
electrical interconnect systems [19], [20], [21] or
modeling of micro-mechanical systems [22], [23] with

Description of the original system
with linear differential equations:

1st order systems

Cx+Gx = Bu
y = Lx

C,G c RV*N, B ¢ RV*P, L ¢ R™N

2nd order systems

Mx +Dx 4+ Kx = B u
y = B{x+ B3"x

M, D, K e RNXN’ Bin c RNxm: BTUt, Bgut c Rpr

Fig. 6 Typical structure of systems of differential
equations for order reduction
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Fig. 7 Reduction of order by multiplication with pro-
jection matrices

KIRCHHOFFian networks may result in extremely large
systems of equations, too. In Fig. 6, two widely used
structures of differential equations are summarized as
examples for electrical RC systems (C and G corre-
spond to electrical capacitances and resistances, re-
spectively; M, D and K are related to mechanical
masses, damping effects, and stiffness). But the same
structures occur in modeling thermal systems and
electrical RLC circuits, respectively.

The reduction of the dimensions, also w.r.t to the
output vector y, which corresponds to the interface
signal to the environment of the modeled subsystem,
is illustrated in Fig. 7.

Based on the passivity preserving ENOR (Efficient
Nodal Order Reduction) algorithm for linear second-
order systems [21], a modified variant has been devel-
oped and proven in many applications [23]. This algo-
rithm has been further improved with special attention
to proper deflation of basis vectors and numerical
stability through selective re-orthogonalization [24].
By choosing certain expansion points, the approxima-
tion of the original transfer function can be improved
in desired regions of the frequency domain. For multi-
ple-input, multiple-output (MIMO) systems, the algo-
rithm allows to simultaneously match a desired
amount of block moments corresponding to different
expansion points.

This method has been applied to the system simulation
of an electronically controlled yaw rate sensor [22],
[25] (Fig.8). The mechanical subsystem has been
modeled with about 45000 variables in the original
FEM model. To design the electronic subsystems, a
reduced order model with 40 variables was generated.

Thermal-
mechanical

Yaw rate
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4.2 Simulation-based order reduction

Simulation-based order reduction has some specific
advantages. It is not necessary to export the system
matrices (this export feature is not supported by all
FEM simulators!). Additionally, the system to be
modeled can consist of different subsystems (which
are, e.g., modeled with transcendental functions which
arise in the context of electrical transmission lines). In
the simplest case it is only necessary to determine the
impulse response of the system.

We restrict us to linear time-discrete systems which
are described at equidistant time-points ¢, by
X, = Ax, + Bu,

v, =Cx, +Du,

x,is the N-dimensional state vector, u,is the m-
dimensional input vector, and y, is the q-dimensional

output vector. The matrix A isSNxN , BisN xm , Cis
gxN ,and D isgxm . These matrices and the order

N are assumed to be not explicitly known.

The Hankel matrix
gl g2 gp
| & & 8y
p | : :
8, &pa 83,

can be constructed from the impulse responses of this
system calculated at the first 2p time-points. Any full-

rank decomposition of H, ina pgx N Matrix ép and

a N x pm Matrix I;{p with N < p is qualified to de-
termine the observability and the controllability matri-
ces of a system (4,B,C,D) of order N which ap-
proximates the given system (4,B,C,D)of or-
der N > N . A reliable and numerically stable method
of full-rank decomposition is the Singular Value De-
composition (SVD). A procedure using these relations

is a simplified version of the well-known class of
N4SID algorithms (Numerical Subspace-based State-

Electrical
noise

CJ

— Detection path
X TP

Electrical
noise Yaw rate

signal

S~

-

-
i

Fig. 8 Yaw rate sensor and its signal-processing electronic circuitry
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Fig. 9 Tool-suite for the generation of reduced-order models

Space System Identification) [26], [27], [28]. To guar-
antee a high accuracy of the approximated system

matrices, the system (4,B,C, D) should be calculated

in a first step with a "high" dimension, e.g. N =10 ...
10°. In a second step, these “medium sized” matrices
can be reduced by matrix-based order reduction, e.g.
by the above mentioned projection method, to achieve

a system of low order N <N [29].

All the described methods have been implemented in
form of a tool-suite (Fig. 9) with interfaces to widely-
used FEM simulators (and to Analog Insydes, see Sec.
4.4). The most important modeling languages are
supported. The system is open to include new or im-
proved MOR algorithms.

4.3 An outlook to nonlinear MOR

Many systems can not be considered as linear. Obvi-
ously, model generation, simplification, and order
reduction is much more complicated in the nonlinear
case. First research results are encouraging but many
problems remain to be solved [12], [31], [32], [33].
An approach to reducing nonlinear systems is the
Trajectory Piecewise Linear (TPWL) method [34],
[35]. Given a simulated trajectory called training tra-
jectory, we choose some linearization points (Fig. 10).
Now, the nonlinear behavior of the system can be
approximated in a neighborhood of the training trajec-
tory by a weighted combination of multiple linear

%

X(

Fig. 10 Nonlinear order reduction with linearization
along trajectories

ISBN 978-3-901608-32-2

models. These linear models are obtained by Proper
Orthogonal Decomposition (POD) [12]. In a certain
sense, POD is an extension of Singular Value Decom-
position to integral equations by utilizing system iden-
tification methods.

In some special applications, nonlinear MOR can be
realized by smart partitioning of a complicated nonlin-
ear system into coupled subsystems which can be
modeled with different methods. This may be useful
not only at system level but also at component level to
handle strongly coupled effects. The following exam-
ple [36] illustrates the problem and a solution ap-
proach. A micromechanical device consisting of a
cantilever is stimulated by electrostatic forces which
result from the applied electrical voltage. The me-
chanical and the electrical subsystems are character-
ized by different mathematical formalisms. The parti-
tioning approach is:

e decoupling into a mechanical cantilever model
which can be linear (due to the very small dimen-
sions of the device), and the electro-static field
model,

o the nonlinear electro-static subsystem has been
manually discretized and is modeled by n nonlin-
ear transducer elements (force sources and capaci-
tances),

e both parts are modeled as multi-poles and their
coupling is realized by connecting their terminals.

The whole system is highly nonlinear (e.g., with hys-
teresis), but the partial models are relatively simple: a
mechanical subsystem generated automatically via
order reduction and a physically oriented modeled
electrostatic subsystem containing transducers with
nonlinear behavior. The capacitances are nonlinear
functions of the distances X; between a piece of the
cantilever and the substrate. In Fig. 11 this approach is
illustrated.

Copyright © 2007 EUROSIM / SLOSIM
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Fig. 11 Nonlinear electro-mechanical microsystem:
mechanical structure, multipole model, touchdown
effect and hysteresis

Another field of current research is parametric model
order reduction, also called symbolic or multidimen-
sional MOR. Consider a linear time invariant system
with system matrices dependent on certain parameters:

C(A)i+G(A)x = Bu
y=B"x+Du

with A=(4,,...,4,)eR".

The aim is to find a reduced system with matrices still
depending on these parameters. Using a multidimen-
sional TAYLOR series expansion of C and G, one can
extend existing projection schemes to parametric sys-
tems [19], [20]. Unfortunately, it is not always possi-
ble to obtain such a parametric systems in explicit
form, e.g. when using black-box tools. A heuristic
approach would be to generate several snapshots of
the system matrices by varying parameters around
some nominal values. These snapshots are combined
with a multidimensional regression method, which
leads to the desired linear system with parameterized
system matrices.
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4.4 Symbolic Analysis

Symbolic analysis is applied in the context of com-
puter-aided model generation [17], [18], [37], [38] and
can be used for MOR, too. The commercial tool Ana-
log Insydes [39] is mainly used in modeling analog
electronic circuits. But the internal algorithms handle
the simplification of systems of nonlinear differential
equations in general and not only for electronics. This
simplification is coupled with simulation-based error
control and, therefore, the generated models are very
reliable. For the application in multi-physics model-
ing, a library of basic mechanical elements has been
developed [40]. Fig. 12 shows its application to a
micromechanical sensor (similar to the system shown
in Fig. 5).

anchor DAE System

L C5
L3 ca R3

264 variables

i

Iy Algebraic | simplification

39 variables
F

Symbolic|approximation

2

u

LI 2 R

10 variables

]
H

F28force (2 H$B L$A1 + HSAZ HSB L§A2 + 2 HEA® L5B)
4 EMOD$A11 H$A3 H$B WSAll

. QhBlEU +h?4hBlA2 +2hi}ZB
L= - .
4ER hpw

Fig 12 MOR with symbolic analysis for a micro-
mechanical device

5 Summary and Conclusion

Many modeling methods have been developed in the
last decades to handle multi-physics systems. The
most promising approaches are:

e modeling with (generalized) KIRCHHOFFian net-
works

e model order reduction of very large systems of
linear ordinary differential equations

e symbolic analysis (combined with simplification)
of linear and nonlinear ordinary differential equa-
tions

e application of optimization programs [41] for
model parameterization and of approximation pro-
grams to fit model characteristics to measured or
simulated data (e.g. in piecewise-linear or table-
based models)

Progress in the development of modeling languages
(Modelica, VHDL-AMS, etc.) and their support by
powerful system simulators is another basis of suc-
cessful modeling. These languages support in a nearly
perfect way

e hierarchical partitioning of complex systems into
simpler subsystems,

Copyright © 2007 EUROSIM / SLOSIM
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e formulation of different models with appropriate
mathematical formalisms (e.g., linear and nonlin-
ear DAE as well as state-space descriptions, dis-
crete-time models and difference equations, auto-
mata, discrete event-queue organized models) and
its common computation in one model,

e clear distinction between the interface of the sub-
system (or component) and its internal description
as behavioral and/or structural models,

e mechanisms for the exchange various internal
model descriptions (but with the same interface),

e signal exchange with other models only via the
terminals.

Therefore, the combination of different modeling
approaches is supported by these languages.

Tool-boxes, consisting of
e various model generation algorithms,

e optimization and approximation algorithms for
model parameterization,

e multi-physics model libraries,
¢ interface modules to widely-used FEM simulators,

e translation modules to transform mathematical
model descriptions into all widely-used modeling
languages,

can support the modeling of very large and complex
systems. These systems have to be manually parti-
tioned in an appropriate manner to apply the available
algorithms to the subsystems.

Due to the intensive research activities, further pro-
gress in nonlinear order reduction and coupling with
other methods (e.g., symbolic analysis) can be ex-
pected. But in certain situations, current state-of-the-
art tools are already powerful enough for the analysis
of complex heterogeneous systems.
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