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Abstract

Traditional phenomenological constitutive relationships sometimes fail in the description of
mechanical behavior of plain concrete. In such circumstances more refined models are neces-
sary, which takes into account the multiphase structure of the material. This paper presents a
generalized finite element formulation, which incorporates solid and fluid phases together
with a temperature field. The model is developed to obtain time-dependent solutions of 2-D
cases, such as concrete gravity dams subjected to loading-unloading cycles, non-
homogeneous specimens subjected to thermo-mechanical effects, etc. A fully coupled cohe-
sive-fracture discrete model, which includes thermal and hydraulic loads, is adopted to de-
scribe crack nucleation and propagation. The evolution of fractures leads to continuous topo-
logical changes of the domain and these are handled by systematic local remeshing of the do-
main and by a continuous change of fluid and thermal boundary conditions. In the adopted
approach, cracks may nucleate everywhere depending only on the stress field and propagate
along paths and with a velocity of the tip that is a priori unknown. An adaptive remeshing
technique for the spatial domain coupled with an adaptive procedure in time, based on the use
of time-discontinuous finite elements, is used. The solution procedure is discussed in particu-
lar as far as the projection of the solution between two successive meshes is concerned.
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1 Introduction

In the study of coupled phenomena with interactions
between mechanical, fluid and thermal fields in
quasi-static or dynamic conditions it is very difficult
to optimize a priori geometrical mesh and time
stepping. The first one is a consequence of model
singularities (i.e. boundary conditions, fracture
propagation, material non linearities and geometri-
cal singularities). The second one is determined by
numerical properties of solution (stability and accu-
racy). A great number of consolidated methods for
automatic space refinement based on a posteriori er-
ror measurements [1] is available in the literature
instead, about time stepping, an effective method is
still to be found, in particular in presence of interac-
tive fields that can influence the time stepping itself.

An automatic adaptive procedure in the space and
time domain for the analysis of mechanical behav-
iour of multi-phase systems is presented. The study
is referred to cohesive fracture propagation, hydrau-
lic and thermal, in 2-D domains of any shape, ho-
mogeneous or not.

The fracture propagation is simulated continuously
updating the geometry and refining automatically
the mesh with techniques that take into account ap-
propriate error indicators. The analysis is developed
trough subdomains, in some of them the nucleation
and propagation of cohesive fracture develop, in the
others a linear elastic constitutive model for the ma-
terial is assumed [2].

The adaptive procedure in space uses an automatic
remeshing algorithm based on a Delaunay triangula-
tion with a topological structure particularly effec-
tive for the analysed problems [3].

The adaptive procedure in time has resort to time-
discontinuous finite elements, with Galerkin ap-
proximation techniques.

The approximations in each time step are based on
linear functions; the unknown values are the field
variables at the beginning and at the end of the time
step. The continuity of the solution in time domain
is imposed in a weak form, according to the stan-
dard finite element method statement.

The proposed method is particularly flexible and
very effective when a continuous change of geomet-
rical mesh and time stepping is requested. Among
the advantages of the proposed method when com-
pared to traditional integration methods based on fi-
nite differences (with the same order of approxima-
tion) the most remarkable are the improved accu-
racy, the mitigation of the spurious oscillations of
the solution typical in traditional time integration
algorithms with incompressible fluids, the reduction
of oscillations due to high modes. However, the
most interesting aspect is the possibility to define an
error measure based on the discontinuity of the solu-
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tion at the beginning of time steps in order to acti-
vate a time stepping procedure. The drawbacks of
the proposed procedure are essentially computa-
tional, in fact the number of unknowns is doubled
and the final system of discretized equation turns to
be non symmetric. Both these aspects can be cer-
tainly overtaken with the continuously increasing of
the computational capabilities.

2 Governing equations

In what follows a basic constitutive model based on
the hypothesis of linear elastic behaviour of the
solid skeleton and the fully saturated media is pre-
sented [4]. The assumed model describes a solid po-
rous material, fully saturated by the permeating
fluid phase. Under this hypothesis the total stress
o, in the body is given by the sum of the hydro-

static pressure p and the effective stress g}/ applied

to the solid skeleton:

0y =0 + pd; M

The constitutive model relating strain and effective
stress acting on the solid phase is represented by the
Hooke’s law defining an isotropic, linear elastic ma-
terial:

' p
0, = Dijkl(gkl +_3K 5kl] =
N
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where y, A are the Lame’s constants. The sum of

diagonal strain tensor components represents the
volumetric deformation of the solid grains and is re-
lated to the fluid pressure, being K, the solid bulk
modulus.

Because of the relevant frictional resistance given
by the solid matrix, the motion of the fluid can be
described in terms of a quasi-static approach. The

three-dimensional flux is governed by the extension
of the well-known Darcy’s law:

Vi :Kii(_P,i+Pf gi) (3)

being v; the components of the relative velocity of
the fluid with respect to the solid phase and p, the
density of the fluid. The terms g, indicate the com-
ponents of the gravity acceleration while X, are

the terms of the diagonal dynamic permeability ma-
trix; p, is the gradient of the hydrostatic pressure.

The balance of momentum, in local form, is given
by:

Oy,i P u; = f; 0;;=0j 4)
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where f; represents the components of the body
forces, u is the solid displacement and p is the
density of the mixture. One assumes that the forces

on the boundary I'" of the continuum body are de-

fined on the subset T',
fixed on the subset T, , fulfilling the conditions:
I,url, =TI and I') "I, =0. The balance of trac-

tion on I'; completes the set of equations (4):

while displacements are

oy n;=t; %)

where n; define the outward normal in a generic

point of T, and ¢, are components of the imposed

traction vector in the same point. The continuity
equation of the fluid phase is given by:

ops
lopu) +=1=0 ©)
The second term of the left-hand side take into ac-
count different contributions. When considering the
density of fluid as constant in time and by taking
into account the Darcy’s law the previous balance
equation can be expressed as:

[K”_ (_ D +pf g; )]l + (5”{ _iéﬂ' D[jli%-f—

l-n n 1 op
+ +—————0,D, 0y |—+q=0
[ K, K, (Bk\ " ikl Okl J o d

O]

where K, is the bulk modulus of the fluid phase, ¢

the flux term of the liquid phase and » is the poros-
ity (ratio of fluid volume and total volume). The lo-
cal form of the continuity equation must be coupled
with the boundary conditions upon the pressure of
the fluid phase and its flux:

pP=p, oan

8
Vini:Kii(_p,i+p/'gi)ni:q onl, ®)
where the boundary I" of the domain is divided into
two distinct subsets r,, T, such that r,ur,=r

and rpmrq =0.

3  Cohesive fracture model

Let the complete domain be composed of a set of
different homogeneous sub-domains. Within a ge-
neric one of these, a fracture can initiate or propa-
gate under the assumption of mode I crack opening,
provided that the tangential relative displacements
of the fracture lips are negligible. In the process
zone cohesive forces are transmitted, which are or-
thogonal to the fissure sides. Following the Baren-
blatt-Dugdale model [5, 6] and Hilleborg et al. pro-
posals [7], the cohesive law is (Figure 1)
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oo being the maximum cohesive traction (closed
crack), &, the relative displacement normal to the
crack, O the maximum opening with exchange of
cohesive tractions and G = 6(°0,/2 the fracture en-
ergy. Figure 1 also presents the unloading/reloading
paths represented by

0, |9,
= _ Yol | Y0 10
o O'o( 5 jé' (10)

ocr ol
where O, is the maximum attained opening in the
previous loading process.
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Fig. 1 Fracture energy (a) and loading/unloading
law (b) for each homogeneous component

The individual homogeneous components differ
only due to different values attributed to the funda-
mental parameters defining the mechanical behav-
iour as described through Eq. (9) and (10). The as-
pect of the constitutive relationship remains the
same.

When tangential relative displacements of the sides
of a fracture in the process zone cannot be disre-
garded, mixed mode crack opening takes place. This
is usually the case with a crack moving along an in-
terface separating two solid components. Whereas
the crack path in a homogeneous medium is gov-
erned by the principal stress direction, the interface
has an orientation that is generally different from
the principal stress direction. The mixed cohesive
mechanical model involves the simultaneous activa-
tion of normal and tangential displacement disconti-
nuity with respect to the crack and corresponding
tractions. The interaction between the two cohesive
mechanisms is treated as in Margolin [8] and Dienes
[9], by defining an equivalent or effective opening
displacement $ and the scalar effective traction 7 as

S=yB L +57 .

The resulting cohesive law is

BAE+i: (11
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t=§(ﬂzar +5,) (12)

B, is a suitable material parameter and the cohesive
law takes the same aspect as in Figure 1, by replac-
ing displacement and traction parameters with the
corresponding effective ones. For the choice of the
value of parameter 3 the original proposals of [8],
[9] are referred to, together with reference [10].

4 SPACE-REFINEMENT STRATEGY

In the frame of A-refinement method in space and in
spite of its cost, a total or partial remeshing tech-
nique is adopted in the following. For all variables,
linear approximation of the field is used. To reduce
computation time, the successive refine-
ment/derefinement operations can be limited to suit-
able sub-domains containing the singularities zones.
The dimensions of these areas and local density of
discretization can be decided on the basis of the so-
lution at the previous steps. The main reason for
adopting this type of remeshing is to preserve a
good mesh, which is necessary especially for mod-
elling the transport mechanisms, even though some
problems may arise for transferring data from a
mesh to another. The link between the refinement
and the mesh generator is the spacing function,
which is point-wise updated according to the a pos-
teriori calculated error. The spacing function and
the ensuing node distribution is then regularized by
interpolation when the new nodes are inserted. In
this way the resulting mesh always present a smooth
distribution of element dimensions [11].

The general scheme of the refinement procedure is
presented in Fig. 2. It is important to remark that the
first step is performed by the mesh generator using
the multi-constrained algorithm [11], when a geo-
metrical singularity is detected. Then the Zhu-
Zienkiewicz technique is adopted [12], which relies
on an a posteriori recovery-based error estimator.
The error energy norm is calculated locally over a
patch constituted by the elements, usually six, sur-
rounding each node of the actual mesh. This error is
related to the maximum permissible error. A
weighting parameter is hence obtained by which the
spacing function in the central node of each patch is
multiplied. Note that in the used mesh generator the
spacing function is defined point-wise, whereas in
standard adaptive procedures the generic element is
directly handled. The used approach has the advan-
tage of producing regular and graded meshes. All
field variables are involved in the adaptive proce-
dure, however, in our applications, the stricter re-
quirements come from the solid field.

Particular care has to be used in handling the discre-
tization of the cohesive zone and the crack tip
movement in order to avoid mesh dependency of the
solution. Zhou and Molinari [13] suggest three basic
rules: 1) small mesh size, ii) mesh size as uniform as
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possible, iii) random orientation of elements in or-
der to avoid preferred directions. The adopted strat-
egy guarantees all these requirements. In fact, in
correspondence of the tip of the fracture we locate a
point element source with strength controlled by the
user or by the discretization error; uniformity of the
mesh in the area surrounding the crack is assured by
the interpolation of the spacing function and by the
remeshing; finally, the random distribution of ele-
ments is a characteristic of Delaunay tessellation,
without using highly distorted elements.

Even though the above presented mesh adaptivity
algorithm is always active, for relative energy norm
percentage errors typical of engineering we have
found that the most pressing requirements are those
of a proper representation of cohesive tractions. The
same requirements allows for a good representation
of the fluid field in the process zone and the fluid
lag.

The refinement procedure of the process zone is as
follows: the length of the process zone is a priori
estimated for the assigned material properties and a
geometry similar to the case at hand (in the applica-
tion Barenblatt’s theory [14] has been used). Once
this length is obtained, the analyst can choose the
number of elements to discretize it (element thresh-
old number). This allows to construct a goal-
oriented refinement (Fig. 3) and to control the trial
advancing step As.

v

Geometry (external forces, constraints,

fractures, spacing function, etc.) <
A priori refinement (Multi-constrained %
algorithm) and mesh generation g
¢ &
2
Previous solution projection on the new mesh B
Dynamic or quasi-static problem solution >

Error measure and a posteriori refinements

(Zhu-Zienkiewicz'® technique)

Next step

Fig. 2 General refinement procedure

As far as adaptivity in time is concerned, the impor-
tance of refinement will be assessed by repeating
the complete transient analysis using reduced time
steps. This is due to a lack of a suitable error estima-
tor for non-linear coupled problems. However, this
rough choice allows the assessment of the effects of
space/time discretizations.
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‘

Fix the element threshold
number A, and estimate £

Asy =k [Ny

FIF

Discretize

Solve the problem

o< My J=j+1
R ASjes = for- AS;
0.5<fu<t

Check the number
of elements #; in the
process zone

Fig. 3 Goal-oriented refinement procedure for the
process zone

4 Time-refinement algorithm

The discrete form of the governing equation may be
deduced from the weak formulation of the govern-
ing equations. Standard finite elements in space are
combined with time discontinuous Galerkin ap-
proximation for the time-integration problem [15].

Denoting with 1, =(¢,,¢,,,) a typical incremental

time step of size Ar=t¢ t, , the weighted residual

n+l

forms are:

_[IavT(Mv +Ku+Lp—f,)dr+ J.ISuTK(ll —v)dt+

(13)
+ SuT|nK(u; —u;>dt+8vT|l M(v; —v;)z 0
J, 5p"(LTv+Qs+Hp—f, ) dr+ ”
+[ pTQp-s)dr+op”| Qlp: -p;)dr=0
with the constraint conditions:
u-v=_0
p-s=0 (15)

Field variables at time ¢€[¢,,t,,;] are interpolated
by linear time shape functions:
u=N;()u, +N,(Ou,,; p=
N](t) P + N2(t)pn+1
v=N,() v, +N,(O)V,,, V= (16)
N@) v, + N30V,
S=N1(t) Sy +N2(t)sn+1
Substituting equations (16) in equations (13) and

(14) the following discretized equations are ob-
tained:
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ANt
=u +7(Vn _Vn+1)

u,, =u, +£(v +v,.)
n+l n 2 n n+l (17)
1 -
S, =— +3p, -4
n At(pn+l P, pn)

1 _
Sp+1 :E(pnﬂ -3p, +2p,)

Im-2 Ak v, + Tvi+Lack +£Lpn+
27 36 2 36 3

A Al
+ 2D, =S, My, o+ [ NOf e
In

v LAk v, + Iv+ 2 ak |+
2 36 2736

Lip, + S Lp, =K+ [ Nyota (19
[ﬂ

1 At _
(EQ +ZHan+1 =Qp, + J-[” Ny(t)q dt
At At 1
ZLTVH +?LTVH+1 +(—EQ +Atijn
1 At
+ (EQ + ?ijnﬂ = J‘[” Ny(H)q dt

The nodal displacement, velocity, pressure and flux
u,,v,, p, and s, for the current step represent
the unknowns at the end of the previous time step,
hence in the time marching scheme are known and
coincide with the initial condition for the first time
step. The system of algebraic equations is solved
with a monolithic approach using an optimized non-
symmetric-sparse-matrix algorithm.

The error of the time-integration procedure can be
defined through the jumps [u,], [v,], [p,] and

[sn] of the unknowns. By adopting the total energy
norms as error measure, we obtain:

1

feul, = v, T MLy, J+ [, ] Klu, ]

T L,)”

e[, = ([Pn]T L' [u,]+[p, ] H [u,]Ae+ (19
+[p,]" Q" [un])%

], =maxlle] ]

The relative error is defined as [15]:

_ e,

m =
e
max

where ||e||mlx is the maximum total energy norm:

€u,p

ol e

E
n

(20

oy -maxel). 0<i<n @D
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When 7 >n,,, the time step A¢, is modified and a

new At,, < At, according to the following rule:

1/3
At =(—977"” J At,

" 22)
n

where € <1.0is a safety factor. In the following ex-
ample we assume € =0.95and 7,,; =0.05. If the

error is less than 7, ,.;, the step is increased using

a rule similar to Eq. (22).

5 Numerical results

The mechanical behaviour of a homogeneous soil
specimen compressed by a constant vertical load has
been analysed (Terzaghi’s column). The specimen is
shaped as a prismatic cylinder 650 mm height with a
cross section 200x200 mm. The finite element mesh
uses standard isoparametric 8-nodes elements; mate-
rial data has been summarized in Table 1 and is rep-
resented in fig. 4.

Tab. 1

Young Modulus 60 MPa
Poisson 0.4

p 1800 kg/m’
n 0.4

pr 1000 kg/m’
K lel0 MPa
Ky lel0 MPa
ky 5.76 mm/s
k, 5.76  mm/s
k, 576 mm/s

In figure 4 the time history of the pressure in the
first 50 s of the transient solution is compared be-
tween a traditional Galerkin finite element scheme
and the present discontinous Galerkin method.

| \W

i}

AVARVARYAY

T

=
b=
|

=

g

Fig. 4 Geometry of the sample

Firstly we compare the solutions obtained by means
of the traditional finite difference method and the
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one resulting from the application of discontinuous
Galerkin approximation in time, obviously when us-
ing the same time-discretization. In the first case the
nearly incompressible fluid causes a numerical os-
cillation of the solution; whereas with the discon-
tinuous algorithm the spurious modes are filtered
and the solution is much more accurate. In fig. 5 the
time history of the liquid pressure calculated near
the top of the mesh is shown. Numerical instabilities
due to the nearly-incompressible-fluid condition ap-
pear with a traditional finite-differences solution;
the discontinuous adaptive procedure gives much
more stable ad accurate results. The figure 6 shows
the vertical displacement and the pressure disconti-
nuities (at the top) before updating the time step
with the time-discontinous-adaptive-criterion. The
total energy and the energy error at the base of the
adaptive algorithm is displayed in fig. 7.

6 Conclusions

The proposed method is particularly flexible and
very effective when a continuous change of geomet-
rical mesh and time stepping is requested. Among
the advantages of the proposed method when com-
pared to traditional integration methods based on fi-
nite differences (with the same order of approxima-
tion) the most remarkable are the improved accu-
racy, the mitigation of the spurious oscillations of
the solution typical in traditional time integration
algorithms with incompressible fluids, the reduction
of oscillations due to high modes. However, the
most interesting aspect is the possibility to define an
error measure based on the discontinuity of the solu-
tion at the beginning of time steps in order to acti-
vate a time stepping procedure. The drawbacks of
the proposed procedure are essentially computa-
tional, in fact the number of unknowns is doubled
and the final system of discretized equation turns to
be non symmetric. Both these aspects can be cer-
tainly overtaken with the continuously increasing of
the computational capabilities.
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