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Abstract

Computational model, which treats EM field evolution inside an actively Q-switched laser, is
presented in details. The EM field is represented by a 2D matrix and influence of the resonator
elements on the EM field is described in five effective planes. The first plane represents out-
coupling mirror, the second and the fourth plane laser rod ends, the third plane a center of the
laser rod and the fifth plane the Q-switch element and the back resonator mirror. The matrix
of the EM field is propagated between computational planes by use of a Fourier transform ap-
proach. The model is suitable for a treatment of a stable as well as for an unstable laser cavity
and takes into account the lensing effect of the laser rod. Amplification of the laser light is de-
scribed in terms of rate equations. Model can predict pulse energy, pulse temporal width, beam
divergence, beam diameter and its intensity profile at different distances inside and outside a
laser cavity. Computational time needed for a simulation of one pulse formation is of the order
of minutes. Experiments performed on a ruby laser operating with a stable as well as with an
unstable cavity configuration were compared to calculations and a good agreement was found.
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1 Introduction
A Q-switched laser produces short and energetic pulses
and is thus found in different areas of modern world
including scientific research, metrology and medicine.

Modern applications require Q-switched lasers oper-
ating in a stable as well as in unstable laser cavities.
While both can produce powerful pulses the main dis-
tinction is found in the produced beam quality - unsta-
ble cavities output coupled with supergaussian mirrors
can be nearly diffraction limited [1]. In addition, the
intensity of the produced near field profile of such reso-
nator can have ”top-hat” shape found especially useful
in medical applications, where beside a powerful pulse
also a homogeneous illumination of a treating tissue is
often required.

In a development phase of a new Q-switched laser sys-
tem it is crucial to be able to predict laser pulse parame-
ters such as pulse energy, pulse temporal width, beam
divergence, beam diameter and its intensity profile at
different distances inside and outside a laser cavity. The
parameters like the distances inside of a laser cavity,
mirrors’ characteristics and characteristics of a laser rod
can all affect the afore mentioned laser beam proper-
ties. In addition, in a real laser special care should be
devoted to analyzing the influence of thermal lens in-
troduced by a laser rod on a structure of a laser profile.

It is well-known that EM field inside an empty stable
resonator takes the form of Hermite-Gaussian modes
and Laguerre-Gaussian modes [2]. As a consequence,
the properties of a laser beam produced by a stable
laser resonator were often based on expansions in terms
of empty resonator modes [3, 4]. The corresponding
calculations usually take into account only the lowest
order modes and it is often not known which set of
the modes should be preferred. Foundation for the
methods which avoid the mentioned drawbacks was
set by Sziklas and Siegman, who introduced a method
based on a fast Fourier transform algorithm (FFT) [5].
Despite the method being known since 1975 it has been
used for a treatment of EM field formation inside of a
laser cavity only a couple of times [6, 7]. It was found
to be especially useful in the unstable cavity analysis,
where diffraction effects inside the cavity play a major
role in EM field formation process.

Marinček et al. [6] analyzed the spatio-temporal behav-
ior of a free running erbium laser and a good agreement
between calculations and experiment was found. Re-
cently the model was rewritten to describe the develop-
ment of the EM field inside a Q-switched laser and the
main part of this paper will be focused on describing
its main characteristics. At the end also a comparison
between calculations and experiment will be presented.

2 DESCRIPTION OF THE MODEL
EM field of the light is in our model represented by
n× n = 256× 256 mesh points lying in thexy plane
perpendicular to the resonator axisz. This particular
plane is propagated within the resonator, which is de-

scribed by five planes - the first plane represents an out-
coupling mirror, the second and the fourth plane de-
scribe laser rod ends, the third a center of the laser rod
and the fifth the back resonator mirror and the Q-switch
element (Fig. 1). Values of the EM field at the mesh
are calculated at each propagation between resonator
planes because of a diffraction and in each resonator
plane because of an influence of a certain resonator ele-
ment.

Propagation between resonator planes located at coor-
dinatesz1 and z2 is described by the 2D fast Fourier
transform technique. Fourier transform of the EM field
in planez gives its transversal spatial spectrum

et(sx, sy; z) =∫ ∞

−∞

∫ ∞

−∞
E(x, y, z)e2πi(sxx+syy) dxdy , (1)

wheresx andsy are spatial frequencies of the EM field
E(x, y, z). Contrary, if the spatial spectrum is known,
the EM field in planez is obtained by inverse Fourier
transform

E(x, y, z) =∫ ∞

−∞

∫ ∞

−∞
et(sx, sy; z)e−2πi(sxx+syy)dsxdsy .(2)

Propagating field must obey the amplitude wave equa-
tion

∇2E(r) + k2E(r) = 0, (3)

where k represents the wavenumber. Now we put Eq.
(2) into Eq. (3) and get an ordinary second order diff-
erential equation

d2

dz2
et(sx, sy; z)

+ (
2π

λ
)2 (1− λ2s2

x − λ2s2
y) et(sx, sy; z) = 0.(4)

Equalityk = 2π/λ, whereλ is the wavelength of the
light in a propagating medium, has been used. From

Fig. 1 Schematic drawing of the five effective planes of
the laser resonator. Plane1 represents the outcoupling
mirror, planes2 − 4 describe the laser rod, and plane
5 describes a Q-switch element and the back resonator
mirror.
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Eq. (4) finally the relation between transversal spatial
spectra of the EM field in planesz1 andz2 is obtained

et(sx, sy; z2) = et(sx, sy; z1) ei 2π
λ

√
1−λ2s2

x−λ2s2
y d ,

(5)
whered = z2 − z1. To summarize: for a propagation
of the EM field for a distanced, the following opera-
tions have to be performed: Fourier transform of the
EM field at planez1 (number of operations is∝ n2),
propagation of the transversal spectrum for a distance
d achieved by the multiplication with the exponential
term (∝ n2) and finally the inverse Fourier transform
(∝ n2) gives the propagated EM field. The number of
operations required to calculate the diffraction pattern
by use of other methods, as is direct evaluation of the
diffraction integral, is greater thann2.

Laser cavity is bounded with two mirrors (planes1 and
5 in the model). A laser mirror changes not only an
amplitude of an incident EM field (Ein) defined by its
reflectanceR(x, y), but also its phase. Reflected EM
field (Eref ) has the form

Eref (x, y) = Ein(x, y) R(x, y) e
−ik(x2+y2)

r , (6)

wherer is the inner radius of curvature of the mirror.
Back resonator mirror reflects all the radiation back into
the cavity, so its reflectance is unity and it only changes
the phase of the incident EM field. On the other side
of the resonator the outcoupling mirror reflects only a
certain part of the radiation back into the cavity, while
other part is transmitted. Reflected part of the EM field
has the form of Eq. (6), whereas the transmitted part
(Etr) is determined by

Etr(x, y) = Ein(x, y) (1−R(x, y)) e
−ik(x2+y2)

2f . (7)

Because the transmitted EM field passes the outcoup-
ling mirror the phase change is given with its focal
lengthf (exponential term in Eq. (7)), which is charac-
terized with both radii of curvatures (inner and outer)
and the mirror’s refractive index. The outcoupling mir-
ror can have a non-uniform reflectance profileR(x, y),
e.g. a supergaussian profile, found to be very useful in
an unstable laser cavity.
From the computational point of view reflectance and
the exponential terms in Eqs. (6, 7) aren × n matri-
ces and therefore the number of operations required to
reflect or transmit the matrix representing the EM field
through a mirror is∝ n2.

In the model the laser rod is presented with planes2−4.
Amplification of the EM field based on a stimulated
emission takes place in the third plane and is described
in terms of rate equations, which couple the photon
density Φ and the population inversion densityn of
the laser medium and are for the Q-switched operating
regime given as [8]

∂Φ
∂t

= (σcn
l′

l
− Λ

tR
)Φ , (8)

∂n

∂t
= −σcΦγn , (9)

whereσ is the stimulated emission cross section,c is
the speed of light in the laser rod,l′ is the length of the
laser rod,l is the length of the resonator,Λ presents the
internal resonator losses andtR = 2l/c is the round-
trip time inside of the resonator. The factorγ is equal
to 1+ g2/g1 with g2/g1 being the ratio between the up-
per and the lower laser level degeneracies. The photon
density and the amplitude of the EM field are related
with |E| ∝

√
Φ. The phase of the incident field is pre-

served during the amplification.
In a typical Q-switch cycle population inversion builds
up before a Q-switch element becomes transparent.
This is the reason why the initial population inversion is
the model input parameter. Usually a homogeneous dis-
tributionn(x, y) = const. is assumed. Initial elements
of the EM field are generated as complex numbers with
randomly distributed phases describing the spontaneous
emission, which is the origin of the laser action.
The population inversion is built up by the absorption of
photons with appropriate frequencies to pump atoms of
a laser medium from the ground to the pump levels. En-
ergy of other emitted photons is transferred to phonons
resulting in a heating of the laser rod. Thermal load
causes the temperature gradient and stress inside the
rod and as a consequence a parabolical profile of the
refractive index inside the rod is obtained. Because of
the variation of optical length with radius photons see
a thermal lens when they pass the rod. For this rea-
son, in the model a lens is placed in the third resonator
plane. Elements constituting the plane of the EM field

are multiplied withe
−ik(x2+y2)

2ft whenever they pass the
laser rod.ft is thermally induced focal length inversely
proportional to the heat flow per unit volume in the laser
rod [8], which means that stronger lensing is expected
when laser pulses are produced with higher repetition
rates.
In the planes2 and4 the points of the EM field plane
lying within the circle characterized with the laser rod
radius remain unaffected, while the outer points are
smoothly set to0 to account for the diaphragm effect
of the laser rod.
The population inversion and thermal lens aren × n
matrices.

The voltage driven Q-switch element mediates the reso-
nator losses - at first the voltage is applied and all pho-
tons are reflected out of the resonator. However, when
the population inversion inside the laser rod is built up,
the voltage is switched to0 and the Q-switch element
becomes transparent so the pulse formation begins. The
Q-switch element is in the model described with a time
- dependent function, which considers a realistic transit
between high and low losses level.

In the simulation at first matrices describing the influ-
ence of the resonator elements are constructed. Then
the matrix of the EM field, which is initially filled with
complex numbers with random phases, is sequentially
propagated with the use of Fourier transform between
the resonator elements where the EM field is calculated.
The time step in the model is equal to the half time
of flight through the resonatortF . For a30 cm long
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resonator it is approximately∼ 1 ns. For a typical Q-
switched pulse width∼ 10 ns (value is known from ex-
periment) it would mean that matrix passes the central
plane only for ten times. To decrease the time step there
are actually two matrices describing the EM field in the
model. They are propagated in opposite directions and
it seems that they are a good compromise between the
time efficiency and the computational accuracy of our
model. Time needed to simulate a formation of a Q-
switch pulse is on the order of minutes.
Propagation of the matrices is repeated until the up-
per laser level becomes depleted. At the timestj =
jtF (j = 1, 2, 3, ...) part of the EM field leaks out of
the resonator. The overall pulse intensityI is the sum
of all individual contributions transmitted at the times
tj , I(x, y) =

∑
j I(x, y, tj). The effective pulse width

is estimated as

∆t =

∑∞
j=0 I(tj) tF∑∞

j=0 I(tj)
, (10)

whereI(tj) represents the intensity summed over all
matrix elements at the timetj . From the overall inten-
sity of the generated pulse the beam diameter in thex
direction is determined as [9]

rx = 2

√√√√∫∞
−∞

∫∞
−∞ I(x, y)x2 dxdy∫∞

−∞
∫∞
−∞ I(x, y) dxdy

. (11)

Beam width in they direction is obtained ifx is re-
placed withy. Of course, in the discrete space dou-
ble integration translates to double summation. The far
field intensity distribution is a Fourier transform of the
near field and from it the divergence of the beam can be
obtained [9].

3 COMPARISON WITH EXPERI-
MENTS

Predictions of the model were compared to experiments
performed on a ruby laser operating with a stable as
well as with an unstable laser cavity. Ruby system is
under active investigation at the moment and is planned
to become a new Fotona medicine laser.

In the ruby crystal the upper laser level is split into two
sublevels, namely2Ā andĒ. Both levels are doubly de-
generated and separated for29 cm−1. The laser action
occurs only between thēE and the4A2 ground level,
which is 4 times degenerated. The relaxation process
between the upper two levels is very short, i.e. of the
order ofns. This is the reason why both levels can be
considered as a one4 times degenerated level, as a tem-
poral width of pulse is expected to be long compared to
1 ns. This is the case in the ruby laser, where one can
adoptγ = 2.

The parameters of a ruby laser used in our simulations
are as follows:σ = 2.5·10−20 cm2 and fluorescent life-
time of the levelĒ τ = 3 ms. We observed no signi-
ficant differences in the NF profile structure depending
on the ruby crystal axis orientation with respect to the

Fig. 2 NF profile of the ruby system operating in a sta-
ble cavity (A) and profile obtained with the model by
setting T=0.99 (B).

polarizing element, which is a part of the QS element.
Consequently all present simulations were performed
with the refractive index of1.763.

First experiment was performed with a stable laser cavi-
ty outcoupled with a classical mirror with reflectance
of 40%. The ruby laser rod inserted into38 cm long
cavity was pumped with two flashlamps contained in
the close-coupled reflector geometry. Standard Kodak
thermal paper placed behind the outcoupling mirror was
used to record NF intensity profiles. Areas of a profile,
which contain greater amount of the power, burn darker
spots into the thermal paper.

Measured near field is presented in Fig. 2, A). The non-
circular shape is assigned to non-uniform pumping of
the laser rod. Profile contains pronounced TEM0,10 pa-
ttern. Such near field is not an usual output of a stable
plano-concave cavity thus we anticipated that its origin
lies in reflections from coatings on the rod end surfaces
resulting in an additional resonator formation. It could
be formed between the front resonator mirror (plane1)
and the laser rod end surface on the back mirror reso-
nator side (plane4) or between the back resonator mi-
rror (plane5) and the rod surface on the front resonator
mirror side (plane2).

ParameterT defining the ratio between transmitted and
incident photon flux on a laser rod end surface was in-
troduced in the model in order to investigate the influ-
ence of the additional resonator. On an edge plane main
part of the EM field is transmitted and further propa-
gated to the resonator mirror and back to the rod, while
other part is reflected in an edge plane. An elliptical
shape of the initial population inversion was assumed
in order to take into account a non-circular shape of the
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profile.
Profile shown in Fig. 2, B obtained by settingT = 0.99
confirmed that the internal resonator was indeed formed
between planes1 and 4. In calculated patterns the
power scale is reversed. Greater amount of power is
represented by brighter spots.

Finally the supergaussian mirror was mounted into the
resonator. In order to minimize the lensing effect of
the laser rod the initial tests of the constructed system
were performed with single-shot laser pulses. The ex-
perimentally observed NF profile is shown in Fig. 3.
One can see that its edge is more intense than its cen-
ter. Pronounced intense rings are followed with less in-
tense ones when moving toward the center of the pro-
file, where intensity again increases. Contrary to the
stable resonator in case of the unstable configuration
outcoupled with the supergaussian mirror the profile be-
comes cylindrically symmetrical. Further tests of our

Fig. 3 Measured NF profile of the ruby system opera-
ting with the unstable cavity (A) and its cross-section
(B).

system were performed also with higher repetition rate
pulses connected with greater heat accumulation inside
of the rod, which resulted in a stronger lensing behav-
ior. During the initial tests an optical damage in the
laser rod occurred.

The behavior of the ruby laser at different thermal loads
of the flashlamp radiation in the laser rod was studied
also with the model. The NF profiles and their cross-
sections calculated withfrod = 40 m, frod = 30 m
andfrod = 20 m are shown in Fig. 4. One can see
NF profile generated usingfrod = 40 m gives a good
agreement with the experimental result (see Fig. 3).

Fig. 4 Transverse field patterns and their cross-sections
obtained with numerical simulations usingfrod = 40 m
(A), frod = 30 m (B) andfrod = 20 m (C).

When the focal length of the laser rod decreases to
frod = 30 m an intensity peak appears in the center
of the NF profile and becomes even more pronounced
whenfrod = 20 m. In addition, in the later case cen-
tral maxima in intensity profiles occur in the resonator
planes, which explain the observed optical damage in-
side of the laser rod.

The model was tested also in the temporal domain.
With fast Si diode we measured the shape of the pulse
produced by the constructed unstable ruby system and
compared it to the calculated one. In order to make
comparison as accurate as possible, both pulses were
selected to have the same amount of energy of approxi-
mately1 J.
From Fig. 5 it is evident that the simulation quite co-
rrectly describes time development of the photon flux.
The measured FWHM of the pulse is25 ns, while the
FWHM obtained from simulations is27 ns. Estima-
tion provided by Eq. (10) is∆t = 29 ns. An about
10 % disagreement between the calculated and mea-
sured FWHM confirms the model also in the temporal
domain.
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Fig. 5 Measured and calculated temporal shape of the
output pulse from a Q-switched ruby laser.

4 CONCLUSION
We have designed the model for a treatment of a Q-
switched laser. The development of the EM field inside
the laser cavity is described with two matrices propa-
gated in opposite directions through a laser resonator
being described by five computational planes, where an
influence of a specific laser component is considered.
A propagation between planes is performed with the
Fourier transform approach. One of the advantages of
the model is short computational time for one-pulse-
formation cycle being of the order of minutes.

Despite of the simplicity of the model, the measure-
ments of the spatio-temporal properties performed on
the experimental ruby laser operating with the stable
laser cavity and the unstable laser cavity confirmed the
computations.

One of the aims of our group is to develop a ruby laser
that produces a top-hat near field intensity profile. In or-
der to obtain a better top-hat profile, further optimiza-
tion will be carried out taking into account computa-
tional results.
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