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Abstract

We present a theoretical and experimental study of the development of the EM field in pulsed,
passively Q–switched solid–state lasers. The rate equations are solved with the Runge–Kutta
method separately for the gain medium and a passive Q–switch. In this way, we take the
beam propagation and profile variations between the two elements into consideration. With
our model, we are able to follow the pulse formation from a randomly generated seed EM
field. In the rate equations used, we include excited–state absorption in saturable absorber as
well as the pumping term. The latter proves to be important when analyzing the beam profiles
when passive Q–switching is used. The formation of the laser afterpulse is observed in the case
of stronger pumping. Its intensity profile shows mode structure characteristic of higher order
Laguerre–Gaussian beams. Theoretical results are compared with experiment for three different
types of laser resonators. In order to obtain a top–hat beam profile, positive–branch unstable
resonators with an ordinary and a super-Gaussian output mirror were investigated. Their op-
eration was compared to a plano–concave stable resonator. The calculated beam profiles and
temporal developments are in good agreement with the experimental results.
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1 Introduction

A laser rod with a large diameter and an optical cav-
ity with a large Fresnel number are required to pro-
duce high energy pulses from a Q–switched laser. Such
cavities favor, however, laser oscillations in high trans-
verse modes. The result can be a multi–mode laser
beam of poor spatial quality. The laser beam qual-
ity can be improved using several methods. The use
of a positive–branch confocal unstable resonator to-
gether with variable-reflectivity mirrors is a widely ac-
cepted method [1, 2]. An output coupler with a super–
Gaussian reflectivity profile is often used to obtain
beams with almost top-hat near–field intensity distri-
bution and low divergence [3]. The combination of a
uniform intensity distribution and low divergence is de-
sired in many applications, e.g. for pumping an optical
parametric oscillator or in various medical applications.
In this paper we present an accurate computer model of
a passively Q–switched laser which can correctly pre-
dict the output beam intensity profile.

Passively Q–switched lasers employing Cr4+:YAG as a
saturable absorber offer the advantage of a very simple
design, which leads to small, robust and low-cost sys-
tems as compared to actively Q-switched lasers. On the
other hand, it is known that in addition to the ground–
state absorption, Cr4+:YAG exhibits also absorption in
the excited state at the wavelength to be Q–switched
[4]. Excited-state absorption is accompanied by short
relaxation times from the upper level and hence does
not show saturation. Thus, its presence only results in
additional loss in the resonator.

The behaviour of passively Q–switchedNd3+ lasers
with Cr4+:YAG as saturable absorber has been ana-
lyzed by a number of authors [5, 6, 7, 8]. However,
they mostly deal with optimizing the laser parameters
to maximize the output energy and do not investigate
the spatial and temporal evolution of laser pulses. Con-
centrating on analyzing the laser output pulse character-
istics (pulse energy, pulse width, peak power), they also
neglect the pumping power effect on the output pulse.
On the other hand, Anstett et al. [3] take into account
the pumping of the laser rod, but don’t include a passive
Q-switch in their analysis.

Various numerical methods have been proposed to de-
scribe the development of EM field in unstable res-
onators, where diffraction effects play an important
role. Among the most efficient methods in terms of
computational time is the fast–Fourier transform (FFT)
approach, initially proposed by Sziklas and Siegman
[9]. Its advantages become most evident when analyz-
ing resonators with multi–mode output profiles.

The model we present in this paper is a modification of
that implemented by Marincek et al. [10]. It is based
on the calculation of the scalar EM field propagation
with the FFT method. Marincek et al. followed the
instantaneous beam pattern throughout the laser pulse
duration. Some important characteristics of the forma-
tion of resonator modes were given in their paper and
the influence of the mode competition on the formation

Fig. 1 The model of the laser resonator. The EM field is
calculated in each of the computational planes. Planes
1 and 5 represent the output coupler and rear mirror,
respectively. A limiting aperture is placed in plane
1,while a passive Q–switch is superimposed in plane
5. Planes 2 and 4 represent laser rod apertures. In plane
3, gain and lensing properties of the laser medium are
taken into account.

of typical beam patterns were analyzed.

In the present paper, the two–dimensional FFT has been
utilized to study complex profile structures in passively
Q-switched lasers of various resonator designs. Since
the pulse formation and the beam intensity profile in
passively Q-switched lasers are critically influenced by
the pumping process, we include a pumping term in the
rate equations instead of starting from a high inversion
density. In Section II we first present the computational
model. The rate equations include the pumping term
and excited-state absorbtion in saturable absorber. They
are explained in Section III. The results of our simula-
tions are presented in Section IV. The laboratory setup
and the experimental results are described in Section V.

2 Computational model

Our goal was that the simulation model would remain
simple enough, so the computational time on a regular
PC would be acceptable, while taking diffraction prop-
erties of light into account to the greatest possible ex-
tent.

The resonator scheme in our model is based on the ex-
perimental setup. The resonator is divided into 5 com-
putational planes, as shown in Fig. 1. In each plane,
there is a grid of28 x 28 computational points. The
EM field amplitude and phase are monitored at each of
these points. The chosen number of lattice points pro-
vides sufficient resolution. Further increase in the num-
ber of lattice points doesn’t influence the final result.
The propagation between the neighbouring computa-
tional planes is carried out by first calculating a 2–D
FFT on the initial field, multiplying the angular spec-
trum with the appropriate phase factors and then per-
forming the inverse 2–D FFT to obtain the field matrix
at the next computational plane.

The computational plane 1 is located at the output mir-
ror. The curvature of the output mirror is represented by
a corresponding phase factor. The output mirror reflec-
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tivity Rand other resonator lossesL, such as absorption
or scattering, are taken into account by multiplying the
field amplitude by

√
R · (1 − L). In the case of the

variable–reflectivity mirror with a super-Gaussian pro-
file, the reflected field is multiplied by the correspond-
ing factor. A beam–defining pinhole is added in this
plane.

The laser rod is described by the next three computa-
tional planes 2 – 4. The rod’s finite transverse dimen-
sions are represented by the apertures that are placed
on the planes at both ends 2 and 4. The edges of all
the apertures are smoothed to prevent artificial diffrac-
tion caused by the finite lattice division of the compu-
tational planes. The gain and lensing properties of the
active medium are taken into account in plane 3. The
amplitudes of the EM field at each lattice point are cal-
culated from the rate equations. A thin lens in this plane
is used to simulate thermal lensing of the rod by mul-
tiplying the EM field with an appropriate phase factor.
Changing the focal length of the lens simulates different
thermal load conditions.

Plane 5 contains the passive Q–switch and the rear mir-
ror. During the formation of the pulse, the transmission
of the Q–switch is calculated based on the intensity of
the local EM field. Following is the reflection off the
rear mirror, where the mirror radius is taken into ac-
count by multiplying the field by a corresponding phase
factor.

The calculation begins in plane 3. The EM field starts
to build up from spontaneous emission whose contri-
butions are superimposed, with random phase, at each
lattice point. The amplitudes of spontaneous emission
contributions are determined by population inversion,
spontaneous emission lifetime and geometrical proper-
ties of the laser rod and resonator. Because of the ran-
dom initialization of the EM field, the numerical model
doesn’t favor any particular initial profile symmetry.
We follow the development of the generated field to-
wards both mirrors. This means that two counter–
propagating field planesEL and ER are propagated
through the resonator simultaneously, instead of only
one. By using two field planes, we achieve higher tem-
poral resolution, since the field planes reach the output
coupler twice per full resonator round–trip time. The
rate equations that govern the amplification of the laser
beam are explained in greater detail in the next section.

3 Rate Equations

In the present paper we follow the rate equations of
Zhang et al. [6] who modeled passively Q–switched
lasers and included excited state absorption of the sat-
urable absorber in their analysis. In order to simulate
also the temporal development of the laser pulse, we
modified their equations to include also the pumping
term. Additionally, we solve the rate equations sepa-
rately for the gain medium and a passive Q–switch, thus
accounting for the beam profile variations between the
two planes.

In every computational step, first the spontaneous emis-

sion contribution to EM field is calculated with the fol-
lowing difference equation:

∆|Esp|2 =
2hνt0
nrodε0

N

τrod
∆τ (1)

whereh is the Planck’s constant,ν is the frequency of
light, t0 is the time interval equal to one half of the res-
onator round trip time,N is the gain medium inversion
density,nrod is the gain medium refractive index,ε0
is the permittivity of free space,τrod is the upper laser
level lifetime, and∆τ = 1 where we have introduced
the normalized timeτ = t

t0
.

The rate equations describing the interaction of the EM
field with the laser rod are as follows:

dN

dτ
= −σc0ε0nrod

2hν
t0 · N |E|2 +

+ Wp t0 (Ntot − N) (2)

d|E|2

dτ
= σc0

drod

dres
t0 · N |E|2 = α2|E|2 (3)

where |E|2 = |EL|2 + |ER|2 is the incoherent ad-
dition of the two counter-propagating fields,σ is the
gain medium stimulated emission cross section,c0 is
the speed of light in vacuum,Wp is the pumping rate,
Ntot is the Nd ion density,drod is the laser rod length,
anddres is the cavity optical length. The gain medium
rate equations are solved with a fourth–order Runge–
Kutta method every time both field planes meet in the
central computational plane. Since one computational
step accounts fort0 = 0.44 ns and the FWHM of the
temporal pulse profile is about 7 ns, we refine the step
in the Runge–Kutta method to one tenth oft0 to im-
prove precision.

The first term in (2) represents the inversion population
depletion by stimulated emission and the second term
accounts for the pumping of the active medium. The
reduction of the inversion density due to spontaneous
emission is neglected. Equation (3) represents the am-
plification by stimulated emission. In the second part
of (3) the single pass amplitude amplification factorα
is defined.

The result of the amplification in the central computa-
tional plane is then given as

EL,R(t + t0) = αEL,R(t) + ∆|Esp|eiφ (4)

for both counter-propagating field planesEL andER.
In (4), φ is a random phase between0 and 2π. The
stimulated and spontaneous emission terms are written
separately to emphasize that the spontaneous emission
is superimposed with a random phase, while the stimu-
lated emission is added in–phase.

The Cr4+ energy levels in the Cr:YAG Q–switch are
shown in Fig. 2. Starting from the ground level (L1)
absorption of a photon excites theCr4+ to a higher en-
ergy level L3. The relaxation from L3 to level L2 is
fast. The lifetime of L2 is long compared to the pulse
duration and was taken to beτsa = 4µs [6]. The ex-
cited state absorption shiftsCr4+ from L2 to L4. The
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Fig. 2 Energy-level diagram for a saturable absorber in-
dicating both the ground– and excited–state absorption
transitions. nsai indicates population density of level
i (Li). Transitions from levels L3 and L4 to L2 are
fast, so the entire absorbing population is divided be-
tween levels L1 and L2. The lifetime of L2 (τsa) is
long compared to the pulse duration and was taken to
beτsa = 4 µs.

ions decay from L4 back to L2 via radiationless pro-
cesses. Since the decay from L3 and L4 is fast, the ab-
sorbing population is effectively divided only between
L1 and L2, givingnsa0 = nsa1 + nsa2, wherensa0 is
the density ofCr4+, whilensa1 andnsa2 are the ground
and excited state population densities, respectively. The
equations that govern the EM field and the saturable ab-
sorber ground state population density are the follow-
ing:

d|E|2

dτ
= −σ13c0

dsa

dres
t0 · |E|2 nsa1

−σ24c0
dsa

dres
t0 · |E|2 (nsa0 − nsa1) (5)

dnsa1

dτ
= −σ13c0nsaε0

2hν
t0 · |E|2 nsa1 +

+ t0
nsa0 − nsa1

τsa
(6)

whereσ13 and σ24 are the ground and excited state
absorption cross sections, respectively,dsa is the thick-
ness,nsa is the refractive index andτsa is the excited
state lifetime.

The terms in (5) represent the EM field absorption in
the saturable absorber ground and excited-state, respec-
tively. The terms in (6) represent the depletion of the
ground level population by absorption and repopulation
by relaxation from L2. These rate equations are solved
every time a field plane reaches plane 5.

4 Computational results
The values of the laser parameters used in our model
are as follows: the laser rod is a1% doped Nd:YAG
crystal. It is 5 cm long with a diameter of 3 mm. The
Nd ion densityNtot = 1.38 ·1026m−3. The stimulated
emission cross sectionσ = 2.8 ·10−23m2 and the upper
laser level lifetimeτrod = 230µs [11]. The resonator is
9 cm long resulting in one half of the resonator round
trip time (t0) being0.44 ns. The diameter of a limiting
aperture is 2.2 mm and the pumping rateWp = 50 s−1.
The absorption cross sectionsσ13 = 4.3 · 10−18cm2

andσ24 = 8.2 · 10−19cm2 [6]. The refractive indices
of the gain medium and the Q–switch are1.82. The
thickness of the Q–switchdsa = 0.13 cm. Its optical
density was chosen to be 0.3 or equivalently, its initial
transmissionT0 = 0.52. Using these parameters, the
density of Cr ionsnsa0 = − ln T0

σ13dsa
= 1.16 · 1018cm−3.

Three different types of resonators were investigated.
The resonator A was a plano–concave stable resonator
with the rear mirror radius of−10 m. The resonator B
was an unstable resonator with mirror radii of−20 m
and 5 m for the rear mirror and output coupler, respec-
tively. The resonator C was also an unstable resonator
with mirrors having the same curvatures as those in case
B, but the output coupler had a super–Gaussian reflec-
tivity profile of the formR0 exp[−

(
r
w

)6] with the cen-
tral reflectivityR0 = 0.4 andw = 1 mm.

During the simulation, the instantaneous near–field in-
tensity profile was monitored continuously. To obtain
the overall energy density profile, the instantaneous
beam intensity distributions were integrated during the
simulation.

The spatio–temporal evolutions of the laser pulses in
the three resonators are shown in Fig. 3. In all three
resonators the pulse starts to develop on the axis. In
case A, the profile in the first part of the pulse genera-
tion is centrally peaked. In the second part of the evo-
lution, there are also some higher–order modes present.
In the resonator B, after the pulse develops the central,
Gaussian–like peak, it broadens rapidly and forms ring–
shaped profiles in the second part of the temporal evolu-
tion. A similar course of events is seen in the resonator
C, but the development is much smoother. The grad-
ual broadening of the ring–shaped profiles results in an
almost top–hat energy density profile of the laser pulse.

Fig. 4 shows the calculated beam energy density pro-
files for all three types of resonators investigated. In
resonator A, the laser pulse shows a strong central max-
imum. The unstable design of resonator B produces a
circular pattern that shows a zero in radial intensity pro-
file, roughly like aTEM10 mode in cylindrical coordi-
nates. In the third case, the laser profile becomes similar
to a top–hat profile. Such a flat intensity profile is pre-
ferred in many applications. We should stress, however,
that while the integrated intensity profile is top–hat, the
instantaneous intensity profiles are not. This is an im-
portant result, especially for nonlinear optics.

The model was put to an additional test by calculating
the second laser pulse, which may form in the case of
prolonged pumping beyond the formation of the first
pulse. The time evolution of the second pulse in res-
onator A is shown in Fig. 6. Its profile turned out to be
of a very high order (TEM0 20). This kind of pattern
was only observed in the case of a stable resonator A.
The calculated energy density profiles of the first and
second laser pulse are shown in Fig. 5. The initial uni-
form inversion density is strongly depleted on the axis
of the laser rod when the first pulse is generated. Be-
cause of the short excited state relaxation time, the Q–
switch closes and further pumping is raising the inver-
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Fig. 3 The temporal evolution of the laser pulses in three types of resonators: A) stable resonator, B) unstable
resonator, C) unstable resonator with a super–Gaussian reflectivity output coupler. In the case of a stable resonator,
the pulse is initially almost Gaussian, with higher–order modes present in the later part of the pulse formation. In
the other two cases, the ring–shaped profiles are formed which spread from the center to the edge of the laser rod.
When utilizing a super–Gaussian output coupler, this broadening is smooth, which results in an almost flat, top–hat
intensity profile.

Fig. 4 The calculated near–field energy density profiles for three different types of resonators: A) stable resonator,
B) unstable resonator, C) unstable resonator with a super–Gaussian reflectivity profile. Below are the cross-sections
through the centers of the profiles. The profiles are changed from a centrally peaked profile A to aTEM10–like
profile B and to a top–hat profile C. The figures are normalized.
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Fig. 5 The calculated energy density profiles of the first
(A1) and the second (A2) laser pulse in the case of the
stable laser resonator A. Since the first pulse depletes
the inversion population in the central section of the
laser rod, the second pulse is generated by the outer sec-
tion of the rod, resulting in a very high–order mode.

Fig. 7 The laboratory laser configuration. LR - Nd:YAG
laser rod, PQS - Cr:YAG passive Q-switch, A - aper-
ture, OC - output coupler, RM - rear mirror.

sion population uniformly throughout the laser rod. Af-
ter about 10µs of pumping, the inversion density in the
outer part of the rod has reached high enough level and
the second laser pulse is generated. This mechanism
produces the circular shape of the second laser pulse.
In the resonators B and C the second pulse doesn’t ex-
hibit such a profile. Obviously, the first pulse depletes
the inversion density more homogenously.

5 Experimental setup

To verify our computational model, the subject of ex-
perimental investigations was a compact, passively Q-
switched, flashlamp pumped Nd:YAG laser schemati-
cally shown in Fig. 7. The laser consists of the same
components as our model laser and has the same pa-
rameters apart from the position of the aperture and the
Q–switch. The same three resonator configurations A,
B and C were tested and compared. For each of the
resonator types, we measured the spatial profile of the
laser beam in the near-field as well as in the far–field of
the laser. The shape and size of the beams were mea-
sured with a digital camera. The beam diameters were
calculated from the recorded beam profiles using the
second-moment method as described in [12].

The measured beam profile in resonator A is shown in
Fig. 8A. The beam profile exhibits a central peak, how-
ever it is more pointed than a Gaussian profile. The
beam profile in resonator B is shown in Fig. 8B. The
profile is distinctly different from the stable resonator
case. It has a strong central maximum, a circular mini-
mum and another peak at the outer edge of the profile.

Fig. 9 The measured intensity profiles of the first and
the second laser pulse. The profile of the second laser
pulse was obtained by subtracting the measured profile
of the first pulse from the measured profile of a double
pulse. Very good agreement with the calculated profiles
of Fig. 5 can be observed.

For the resonator C we used identical mirror radii as
in the case B, with a super-Gaussian reflectivity profile
on the output coupler, as described in Section IV. The
laser beam profile has changed to almost top-hat, with
only a slight maximum at the outer edge of the beam,
as shown in Fig. 8C. Compared to the results of our
computer model in Fig. 4, a very good agreement is
achieved between calculated and experimental profiles.

In order to produce two consecutive pulses, the pump-
ing was increased. We measured the near–field beam
profile of a double pulse with a camera and then sub-
tracted the profile of a single pulse to obtain the sec-
ond pulse shape. To minimize the difference in thermal
lensing between the two measurements, we only fired
a few shots in this double–pulse regime and then return
to the single–pulse operation. The measured laser beam
profiles of the first and second laser pulse are shown in
Fig. 9. A very good agreement with the predicted pro-
files from Fig. 5 can be observed.

We wanted to confirm experimentally also the predicted
time evolution of the pulse in the case of the resonator
C, where the beam evolves from the center. We mea-
sured the temporal dependence of the total laser pulse
and that of a laser pulse transmitted through an aperture
centered on the axis. Its diameter was 0.5 mm, so only
the central part of the beam was transmitted. Both tem-
poral dependences are shown in Fig. 10. The difference
clearly shows that the outer part of the pulse evolves
later which agrees with our calculation.

6 Conclusion

A computational model was developed in order to
study the development of the EM field in passively Q–
switched Nd:YAG lasers. The model enables us to fol-
low the formation of a laser pulse as it is generated from
a randomly generated spontaneous initial field.

Our model gives similar results when run several times
with the same parameters. Three different types of
laser resonators were investigated with our model. The
results were verified with experimental measurements
made on equivalent laser resonators. Very good agree-
ment between the calculated and experimental intensity
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Fig. 6 The temporal development of the second laser pulse in a stable laser resonator. The formation of a high–order
mode can be clearly seen.

Fig. 8 A) Measured beam profile for a plano-concave stable resonator with rear mirror radius of−10 m. B)
Measured beam profile for an unstable resonator with mirror radii of−20 m and 5 m for a rear mirror and output
coupler, respectively. The beam profile resembles TEM10 mode with a central maximum, a circular minimum and
a circular peak at the outer edge of a beam. C) Measured beam profile for an identical unstable resonator to case
B, but with a super-Gaussian reflectivity output coupler. The beam profile is now almost top-hat, with only a slight
peak at the outer edge of the beam. Below the profiles are the cross-sections through the centers of the profiles.

Proc. EUROSIM 2007 (B. Zupančič, R. Karba, S. Blažič) 9-13 Sept. 2007, Ljubljana, Slovenia

ISBN 978-3-901608-32-2 7 Copyright © 2007 EUROSIM / SLOSIM



Fig. 10 Temporal development of the total laser power
and the power measured through a 0.5 mm diameter
pinhole. The time duration of a central section of a
beam is shorter than the duration of a whole pulse, in-
dicating that during the pulse formation the central sec-
tion of the profile decays sooner than the rest. This
confirms the calculated temporal evolution of a pulse
in such a resonator.

profiles was observed. The temporal evolution of a laser
pulse was investigated, as well. The formation of the
second laser pulse was an additional test of our model.
The calculated intensity profile of the second pulse is
in very good agreement with the measured profile. The
results of our model were confirmed with experimental
measurements.
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