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Abstract

Most aircraft can be considered as rigid bodies whose motionis determined by a
set of forces due to aerodynamic effects, propulsion and gravity. Their dynam-
ics can thus be described by computing the position and velocity of the center
of gravity as well as the orientation and angular velocity ofbody-fixed axes with
respect to a set of earth reference axes. The dynamic equations of motion are
well–known so that aircraft modeling leads to very accurateresults provided that
an equally accurate knowledge of the aircraft parameters and of the acting forces
is available. This information is, however, seldom available particularly for light
or ultralight aircraft. The alternative to modeling is identification; the practical
application of identification techniques is however conditioned by the choice of
the class of models (often linear), the design of suitable data–gathering experi-
ments and by the final validation of the obtained model i.e. bythe evaluation of
the degree of approximation of its description of the real process. This paper de-
scribes the identification of the longitudinal and lateral dynamics of an ultralight
aircraft and shows that the consistency of the obtained descriptions can heavily de-
pend on the considered class of models. In particular, it is shown that traditional
equation-error approaches relying on ARX or those relying on Output Error mod-
els can prove unreliable while the less known ARX+noise models can give very
consistent results.
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1 Introduction

The control of aircraft and spacecraft dynamics con-
stitutes an area where most advanced methodologies
and technologies find significant applications. The last
decade, in particular, has seen the introduction of very
sophisticated information and control systems also in
light aircraft where it is not uncommon to find systems
whose capabilities were previously present only in large
commercial or military aircraft. This trend is associated
with the use of reliable mathematical descriptions of
aircraft dynamics since control loops rely only partially
on feedback schemes; the problem of finding accurate
models of aircraft is thus, at present, of remarkable im-
portance.

In fact most aircraft can be considered as rigid bod-
ies whose motion is determined by a set of forces due
to aerodynamic effects, propulsion and gravity so that
very accurate models can be obtained when all aircraft
parameters are available. This is certainly true for all
modern commercial and military aircraft but the situa-
tion is completely different for other categories and it is
often impossible to find all relevant data also for very
common small general aviation aircraft produced from
decades in many thousand pieces.

The alternative approach to classical modeling tech-
niques is identification that consists in selecting, within
an assumed class of models, the model that fits more
accurately, according to a selected criterion, a set of
observations. These procedures can be comparatively
simple when applied to processes where no degrees of
freedom are available in managing the process input
(e.g. macroeconomic systems) but are remarkably more
complex when the input to be applied for identification
purposes can be designed since it can influence the re-
sults. In the case of aircraft dynamics identification,
the situation is more complex because the design of the
input to be applied must take into account the follow-
ing aspects [1]: 1) Frequency content suitable for ex-
citing the modes to be described by the model; 2) Lim-
ited excursion in order to assure the significance of the
obtained model in the neighborhood of the considered
point of the flight envelope (speed, thrust, altitude, air-
craft configuration); 3) Coding of the input into a se-
quence of maneuvers to be applied, in a necessarily ap-
proximate way, by the pilot; 4) Overall cost of the data
gathering flights.

Another critical point of the whole procedure concerns
the validation of the obtained models. Limiting our at-
tention to linear models, the possible classes of models
that can be selected differ mainly in their description
(usually by means of stochastic processes) of the mis-
match between models and data and, also when a family
of models has been selected, it is still possible to select
different models by minimizing different cost functions
whose selection should be based on the planned use of
the models. When the purpose of identification is, say,
the construction of a predictive model, the cost func-
tion to be be minimized will be a quadratic function
of the prediction error and it will be easy to ascertain
the reliability of the model by comparing its predic-

tion with observations. Similar considerations can be
repeated for models to be used for simulation purposes.
When however the searched models are interpretative
ones, the only reliable comparison would be with an
accurate description of the system to be identified, i.e.
with an unknown information. The strategy that can be
adopted in this case could concern: 1) The evaluation
of the physical compatibility of the identified models;
2) The comparison of the obtained time constants with
those of similar known aircraft with similar size and
flight envelope; 3) The evaluation of the congruence of
the models identified from data sets obtained in differ-
ent flights performed in similar conditions. The infor-
mation gathered in the validation phase can be useful
not only to evaluate the suitability of the data gathering
phase but also to ascertain the proper choice of the class
of models selected for identification.

The purpose of this paper is to describe the identifica-
tion of models describing the longitudinal and lateral
dynamics of an ultralight aircraft (Flight Design CT
2K) for limited pitch (±4◦) and roll (±20◦) excursions
and in standard cruise conditions at low altitude (1000
ft, flaps at−12◦ (an uncommon feature of CT), MAP at
25 inches Hg [2]). An interesting aspect of the obtained
results concerns the lack of congruence of ARX and
Output Error models obtained from different data sets,
congruence that has, on the contrary, been observed us-
ing ARX+noise models i.e. models where the misfit be-
tween model and observations is described by means of
both an equation error and an observation noise.

The structure of the paper is the following. Section II
recalls the structure of ARX+noise models while Sec-
tion III describes the results of the identification of the
longitudinal dynamics of the aircraft and section IV
those concerning lateral dynamics. Short concluding
remarks are finally reported in Section V.

2 ARX+noise models

The structure of traditional ARX models is shown in
Figure 1 [3, 4] and shows that these models can be par-
titioned in a deterministic part and in a stochastic one
driven by a remote white noisee(t). In fact all equation
error models have a similar structure; all that changes
is the transfer function of the stochastic part.

u0(t) ȳ(t)y0(t)
+

v(t)e(t) 1
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Fig. 1 - Interpretation of ARX models

The input of these models is implicitly assumed as ex-
actly known and the output as affected by the additive



colored noise generated by the stochastic part of the
model. ARX+noise models are based on a more com-
plex description of the errors that separate the model
from the observations; they assume, besides the pres-
ence of an equation error, also additive white observa-
tion errors on the data as shown in Figure 2 [5, 6].
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ũ(t) ỹ(t)
+ +

+

u(t) y(t)

e(t) v(t)

Fig. 2 - Structure of ARX + noise models

These models are uncommon in control and identifica-
tion but have been used in econometrics where they are
designed as “dynamic shock–error models” [7, 8].

ARX+noise models can be described by the difference
equation

A(q−1) ȳ(t) = B(q−1)u0(t) + e(t), (1)

whereu0(t) is the input,ȳ(t) the output ande(t) the
equation error whileA(q−1), B(q−1) are polynomials
in the backward shift operatorq−1

A(q−1) = 1 + a1 q−1 + · · · + an q−n (2)

B(q−1) = b1 q−1 + · · · + bn q−n (3)

and by the relations

u(t) = u0(t) + ũ(t) (4)

y(t) = ȳ(t) + ỹ(t) (5)

that describe the link between the noiseless inputu0(t)
and the non accessible outputȳ(t) and their observa-
tionsu(t) andy(t). In ARX+noise identification con-
texts the identification problem can be defined as fol-
lows.

Problem 1. Given a set of noisy input–output observa-
tionsu(·), y(·), determine a consistent estimate of the
coefficientsak (k = 1, . . . , n), bk (k = 1, . . . , n), and
of the variancesσ2

e , σ̃2

u, σ̃2

y of e(t), ũ(t) andỹ(t).

The solution of this problem can be reconducted to the
solution of an Errors–in–Variables identification prob-
lem and, in particular, to the Frisch scheme context
[5, 6]. Another possibility could be to rely on Instru-
mental Variable approaches. These approaches are very
simple but are afflicted by a large covariance of the es-
timates and require, consequently, very long sequences
to provide acceptable results; thus they do not look as
attractive for the application considered in this paper.

3 Longitudinal model
3.1 Physical model

The aircraft will be considered as a rigid body and the
standard NASA coordinate system for body axes will
be adopted; in this systemx denotes the forward ori-
ented longitudinal axis,y the lateral (right oriented)
axis andz the (down oriented) vertical axis. The body
axis components of the velocity of the center of mass
with respect to earth–based reference axes will be de-
noted withu, v, w while p, q, r will denote the body
axis components of the angular velocity of the aircraft
with respect to the reference axes.

The perturbations in the longitudinal and vertical
speeds, in the angular velocity along they axis and in
the pitch angleθ introduced by variations in the eleva-
tor deflection,δe, and in the throttle,δt with respect to
a steady rectilinear flight can be described by a fourth
order state space model of the type

ẋ(t) = Ax(t) + B u(t) (6)

wherex(t) = [δu δw q δθ]T , u(t) = [δe δt]
T and

A =







Xu Xw −u0 sin(θ0) −g cos(θ0)
Zu Zw u0 cos(θ0) −g sin(θ0)
Mu Mw Mq 0
0 0 1 0







B =







Xδe
Tδt

cos(ε)
Zδe

Tδt
sin(ε)

Mδe
0

0 0






. (7)

In (7)X, Y, Z denote the aerodynamic forces along the
body axes andXu, Xw, Xδe

, Zu, Zw, Zδe
the associ-

ated derivatives with respect tou, w and the elevator de-
flection δe at the considered equilibrium point,u0 and
θ0 are the equilibrium values of the elevator deflection
and of the pitch angle,M is the pitch moment andMu,
Mw, Mq, Mδe

the associate derivatives. FinallyT de-
notes the applied thrust andTδt

its derivative with re-
spect to its variationδt andg denotes the acceleration
of gravity.

In practice some parameters of this linearized model
can be estimated only by performing wind tunnel or
specific flight tests. As a reference for a light air-
craft model, [9] reports the data of the Navion L–17
(1247 Kg in nominal flight conditions). The short–
period mode associated with the higher frequency is
s = −2.51 ± 2.59j rad/s while the phugoid–mode is
s = −0.017± 0.213j rad/s.

3.2 Identified models

A first data set concerns standard cruise conditions at
low altitude (1000 ft, flaps at−12◦, map at 25 inches
Hg [2]) on an interval of 400s. The input is the elevator
deflection and the output the pitch angle; its variations,
not greater than±4◦, are reported in Figure 3. A sec-
ond data set recorded in similar flight conditions and
with the same length has been selected for validation
purposes; the pitch variations are reported in Figure 4.
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Fig. 3 - Data set 1 output (pitch)
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Fig. 4 - Data set 2 output (pitch)

Tab. 1 - Poles of the identified longitudinal models

Data set 1 Data set 2

ARX −0.1725 + 3.1748i −0.1926 + 3.2754i

+ −0.1725− 3.1748i −0.1926− 3.2754i

noise −0.1827 + 0.3617i −0.1776 + 0.3235i

−0.1827− 0.3617i −0.1776− 0.3235i

−1.6860 + 3.1370i −1.8716 + 3.7519i

ARX −1.6860− 3.1370i −1.8716− 3.7519i

−0.1926 −0.1978

−2.8948 −1.6939

−0.7293 + 3.4555i −0.1537 + 0.6350i

OE −0.7293− 3.4555i −0.1537− 0.6350i

−0.0661 + 0.3356i −0.0807 + 0.2405i

−0.0661− 0.3356i −0.0807 + 0.2405i

Three different classes of models have been tested for
identifying the longitudinal dynamics: ARX, Output
Error (OE) and the previously mentioned ARX+noise
models. The poles of the models identified from the
considered data sets (reconducted to the continuous
case) are reported in Table 1 where it can be observed

that ARX models give reasonably congruent results in
the two cases; these models, however, do not describe
properly the dynamical behavior of the aircraft since
they exhibit a pair of real poles. The output error mod-
els are not affected by this problem but the models ob-
tained from the data sets are substantially different. The
ARX+noise models are compatible with the physical
nature of the system (two pairs of complex poles) and
are also comparatively similar. The comparison with
the L–17 model shows differences in the short–period
and in the phugoid–mode that can be explained with
the different masses and inertia moments of the two air-
craft. It can be concluded that the stochastic environ-
ment described by ARX+noise models is suitable for
describing the considered process while this cannot be
repeated for ARX and OE models.

4 Lateral model

4.1 Physical model

The linearized dynamic model describing the lateral be-
havior of an aircraft has the same structure and order of
(6) and is described by the matrices [9]

A =







Yv −u0 cos(θ0) u0 sin(θ0) g cos(θ0

Nv Nr Np 0
Lv Lr Lp 0
0 tan(θ0) 1 0







B =







Yδa
Yδr

Nδa
Nδr

Lδa
Lδr

0 0






. (8)

The state is nowx(t) = [v r p φ]T , whereφ is the roll
angle and the input isu(t) = [δa δr]

T whereδa andδr

denote the aileron and rudder deflections with respect
to the considered equilibrium values.L andN are the
roll and yaw moments andLv, Lr, Lp, Lδa

, Lδr
, Nv,

Nr, Np, Nδa
, Nδr

the associated derivatives.Yv, Yδa

andYδr
denote the derivatives ofY with respect tov,

δa andδr.

The values of the modes reported in [9] for the L–
17 ares = −8.433 rad/s for the roll mode,s =
−0.0088 rad/s for the spiral mode ands = −0.486 ±

2.334j rad/s for the dutch roll mode.

4.2 Identified models

A first data set collected in the same standard cruise
conditions considered for the longitudinal model and
observed over a period of approximately 200s has been
selected. The input is the ailerons deflection and the
output the roll angle (Figure 5).

A second data set recorded in similar conditions and
with the same length has been selected for validation
purposes; the roll angle variations are reported in Figure
6. The excursion of the roll angle in these data sets does
not exceed±20◦.
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Fig. 5 - Data set 1 output (roll)
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Fig. 6 - Data set 2 output (roll)

Tab. 2 - Poles of the identified lateral models

Data set 1 Data set 2

ARX −2.2699 + 6.6662i −2.0583 + 6.1859i

+ −2.2699− 6.6662i −2.0583− 6.1859i

noise −0.0591 −0.0647

−1.3519 −1.7720

−4.3121 + 8.5431i −5.7829 + 6.5862i

ARX −4.3121− 8.5431i −5.7829− 6.5862i

−0.0511 −0.0501

−2.0469 −3.9869

−0.6457 + 3.4370i 0.0152 + 0.0621i

OE −0.6457− 3.4370i 0.0152− 0.0621i

−0.0972 + 0.1596i −0.0734

−0.0972− 0.1596i unstable pole

Like in the case of longitudinal models, the classes con-
sidered for identification are ARX, Output Error (OE)
and ARX+noise models. The poles of the models iden-
tified from the considered data sets (reconducted to the
continuous case) are reported in Table 2.

It is possible to observe that, in this case, OE models are
not congruent over the two data sets; these models are
also not congruent with respect to the physical model.

Better results are given by ARX models that exhibit an
acceptable degree of congruence over the considered
sets and also with respect to the physical structure of
the process.

The best results are however given, as in the case of lon-
gitudinal models, by ARX+noise models that exhibit an
high degree of congruence over the different data sets
and give values compatible with the characteristics of
the tested aircraft.

It can be concluded that the stochastic environment de-
scribed by ARX+noise models leads to the best identi-
fication also of the lateral dynamics.

Fig. 7 - The CT 2K during data collection

5 Concluding remarks

This paper has described the identification of dynami-
cal models of the longitudinal and lateral behavior of an
ultralight aircraft by means of different classes of mod-
els.

The cross–validation of the models over two different
data sets has shown that the best results have been ob-
tained by using ARX+noise models i.e. ARX models
where unknown amounts of additive white noise is as-
sumed on the input and output observations. Other
classes of models traditionally used in aircraft identi-
fication like ARX and Output Error ones [1] have given
poor and/or non consistent results.

Since the obtained models derive from linearizations,
their validity is restricted to flight conditions similar to
those concerning the data collection that has considered
limited pitch (±4◦) and roll (±20◦) variations and stan-
dard cruise conditions at low altitude (1000 ft, flaps at
−12◦, MAP at 25 inches Hg).

Despite these limitations, these models can be useful
both for interpretative purposes, i.e. to obtain a guess of
some physical parameters that could be measured only
by means of complex and expensive setups, and also for
designing automatic control devices like autopilots.

Other applications can concern the transversal and lon-
gitudinal dynamic stability analysis of an aircraft as
performed in [10].
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